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Recently, much research has been carried out on Hamiltonians that are not Her-
mitian but are symmetric under space-time reflection, that is, Hamiltonians that
exhibit P7 symmetry. Investigations of the Sturm-Liouville eigenvalue problem as-
sociated with such Hamiltonians have shown that in many cases the entire energy
spectrum is real and positive and that the eigenfunctions form an orthogonal and
complete basis. Furthermore, the quantum theories determined by such Hamiltoni-
ans have been shown to be consistent in the sense that the probabilities are positive
and the dynamical trajectories are unitary. However, the geometrical structures that
underlie quantum theories formulated in terms of such Hamiltonians have hitherto
not been fully understood. This paper studies in detail the geometric properties of
a Hilbert space endowed with a parity structure and analyses the characteristics of
a PT-symmetric Hamiltonian and its eigenstates. A canonical relationship between
a PT-symmetric operator and a Hermitian operator is established. It is shown that
the quadratic form corresponding to the parity operator, in particular, gives rise to a
natural partition of the Hilbert space into two halves corresponding to states having
positive and negative P7 norm. The indefiniteness of the norm can be circumvented
by introducing a symmetry operator C that defines a positive definite inner product
by means of a CP7 conjugation operation.

PACS numbers: 11.30.Er, 12.38.Bx, 2.30.Mv

I. INTRODUCTION

In standard quantum mechanics it is assumed that the Hamiltonian H is Hermitian.
This requirement ensures that the spectrum of H is real. However, in the past decade many
researchers have investigated the consequences of replacing the mathematical requirement
of Hermiticity by a more directly physical discrete space-time reflection symmetry known as
PT invariance, where P is the parity reflection operator and 7 is the time reversal operator
(Znojil 2004, 2005, 2006, Bender 2005, Geyer et al. 2006, Bender 2007). In particular,
if P7T symmetry is not broken, that is, if the eigenfunctions of the Hamiltonian H are
simultaneously eigenfunctions of the P7 operator, then the spectrum of the Hamiltonian
is entirely real (Bender & Boettcher 1998, Bender et al. 1999, Dorey et al. 2001a, 2001b,
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2007). Furthermore, if a Hilbert space is constructed in terms of an appropriate inner
product, then a quantum theory described by a P7 -symmetric Hamiltonian exhibits all the
desired physical features (Bender et al. 2002b, Mostafazadeh 2002).

Hermiticity is a strong condition. Not only does it guarantee the reality of the spectrum,
it also generates unitary time evolution. In addition, Hermiticity ties in with a positive
definite inner product, which leads to the usual probabilistic interpretation of quantum
mechanics. These three results follow naturally from the assumption of Hermiticity. The
condition of P7 symmetry is a distinct requirement from Hermiticity. Nevertheless, given
the observation that P7 -symmetric operators may possess real eigenvalues, it is legitimate
to ask (a) whether a physically viable quantum theory can be formulated when we replace
the Hermiticity condition with the requirement of space-time reflection symmetry, and (b)
whether this new formulation may lead to new physical predictions. Indeed, investigations
over the past nine years have shown that by introducing a new symmetry operator denoted
as C, a Hilbert space with a positive-definite inner product can be constructed upon which
PT-symmetric Hamiltonians act as self-adjoint operators. As a consequence, consistent
quantum theories can be formulated via Hamiltonians that possess space-time reflection
symmetry but are not Hermitian in the conventional sense.

While many examples of P7-symmetric quantum theories have been analysed in the
literature, some of the basic mathematical structures of the theory, such as the geometry
of the underlying real Hilbert space in which P7-symmetric quantum theories are defined,
have not been fully characterised. The present paper addresses this question by clarifying
various mathematical structures of the underlying Hilbert space. For the purpose of con-
structing a viable quantum theory, we need to consider a framework sufficiently general to
admit both the standard theory with a Hermitian Hamiltonian as well as extensions of the
standard theory. Thus, we discuss in Section [l and Section [II] the geometrical structures
of the underlying real Hilbert space and the role of the observables in conventional quantum
mechanics.

In Section V] and Section [Vl we compare the structures described in Sections [l and
[II with the corresponding structures in the quantum theory symmetric under space-time
reflection. It is known that the requirement of P7 symmetry alone on the Hamiltonian
leads to a state space with an indefinite metric. The important observation we make is that
the parity operator associated with space reflection plays the role of an indefinite metric,
while the complex structure J of standard quantum mechanics is unaltered in the P7-
symmetric theory. This is an attractive feature of P7-symmetric quantum theory from the
point of view of complex analysis. We show in Proposition [I] that the squared P7 norm of
a state is expressible as a difference of the squared standard Dirac norms of the positive and
negative parity parts of the state. Section [V] also discusses observables. See Mostafazadeh
& Batal (2004), Mostafazadeh (2005), and Jones (2005) for previous work on observables in
PT-symmetric quantum theories.

In Section VIl we analyse the properties of Hamiltonian operators that are symmetric
under space-time reflection. It is shown in Proposition 2 that any such Hamiltonian is nec-
essarily expressed as a product of the parity structure and a Hermitian quadratic form. This
leads to an alternative way of understanding the reality of the spectrum of such Hamilto-
nians, as established in Proposition [3] showing that the energy eigenvalues are necessarily
real if the corresponding eigenvectors have nonvanishing P7 norms. It is known in the
literature that the eigenvalues of P7-symmetric Hamiltonians occur either as real numbers
or as complex conjugate pairs. This is shown in Propositiondl A sufficient condition for the



orthogonality of the eigenstates is then established in Proposition[5 In Section [VIIl we define
in geometrical terms a reflection operator C whose mathematical structure resembles that
of a charge operator. This symmetry operator allows us to construct an alternative inner
product on the vector space spanned by the eigenfunctions of the P7-symmetric Hamil-
tonian in terms of CP7 -conjugation, thus eliminating states having negative norms. As a
consequence, a consistent probabilistic interpretation can be assigned to quantum theories
described by P7-symmetric Hamiltonians. To construct the operator C we establish in
Proposition [6] that the eigenfunction associated with a real eigenvalue of a P7-symmetric
Hamiltonian is either real or purely imaginary, depending on its parity type. To illustrate
these ideas a system of P7-symmetric spin—% particles is presented in Section [VIIIl

II. HERMITTIAN QUANTUM MECHANICS

Our ultimate objective is to determine the geometric structure of P7 -symmetric quantum
theory. With this in mind we show in this section how to formulate the geometric structure of
standard quantum mechanics. In Sections[[Vland [V]we clarify the similarities and differences
between the two formalisms. In standard quantum theory Hermitian operators have a dual
role as physical observables and as the generators of the dynamics. To understand the
relation between these roles it is useful to present quantum mechanics in terms of a primitive
underlying even-dimensional real Hilbert space ‘H rather than the complex Hilbert space with
respect to which it is usually formulated. We will see that by introducing certain structures
on ‘H we arrive at standard quantum theory. Then by considering an alternative set of
structures on H we arrive at P7 -symmetric quantum theory, and the relationship between
the two theories becomes clear from a geometric perspective.

Using a standard index notation (see, for example, Geroch 1971, Gibbons & Pohle 1993,
Brody & Hughston 1998, 1999 and references cited therein) we let the real vector £ denote
a typical element of H. The real Hilbert space H is to be regarded as coming equipped with
a positive definite quadratic form g, satisfying g. = g, With respect to which the squared
norm of the vector £% is given by g%, Then if £¢ and n® are a pair of elements of H, we
define their inner product by g&™n°.

One can only recover the familiar apparatus of standard quantum mechanics if we further
require that H also be endowed with a compatible complex structure. By a complex structure
we mean a real tensor J9 satisfying the following condition:

ST = =0, (1)

The complex structure is then said to be compatible with the symmetric quadratic form if
gap and J9 commute; that is,

gabJachd = Yed- (2)

If this condition holds, then g, is said to be J-invariant. The compatibility condition is
crucial in the case of relativistic fields, where we insist that the creation and annihilation
operators satisfy canonical commutation relations (Ashtekar & Magnon 1975).

A straightforward calculation shows that the J-invariance of g,, implies that the tensor
Qg defined by

Qab - gachb (3)



is antisymmetric and nondegenerate, and thus defines a symplectic structure on ‘H. To see
the antisymmetry of Q,,, we insert () into ([B]) to obtain U, = gpeJ, = gaeJ%JEJE, =
—Gded dbéea = —y. The nondegeneracy of €2, becomes clear if we observe that the tensor

Qab — gacgchcd (4)
acts as the required inverse. Indeed, we have

Qe = 9°°9” gen " gva ",
= g% %g"!
= 5ab7 <5>

where in the last step we have used J-invariance J%J%g°® = g% of the tensor g®*. The
symplectic structure is also compatible with J¢ in the sense that

QapJ% T, = Qe (6)

This follows because QabJ“chd = gaeJebJach = —04e0%J% = —Q4c = Qcq. We refer to
relation (@) by saying that g, is J-invariant.

With this material at hand we can now elucidate the structure of standard quantum
mechanics in geometrical terms. The idea is to endow the real Hilbert space H with a
Hermitian inner product. If £* and n® are real Hilbert space vectors, then their Hermitian
inner product, which we write as (n|¢) using the Dirac notation, is given by the complex
expression

(1€) = 37" (gab — 1Qas)E". (7)

Because the symplectic form €2, is antisymmetric, it follows that, apart from a factor of
two, the Hermitian norm agrees with the real Hilbertian norm:

(€1€) = 396" (8)

To develop the theory further, we need to complexify the Hilbert space ‘H, and we denote
this complexified space by Hc. The elements of H¢ are complex vectors of the form &% +in®,
where £ and 7° are elements of the underlying real Hilbert space H.

With the aid of the complex structure, a real Hilbert space vector £* can be decomposed
into complex J-positive and J-negative parts as follows:

=81 +¢&2, 9)
where
&4 =3(& —iJ%¢") and € = 3(&*+1J9¢). (10)

For example, in the case of relativistic fields, where £* corresponds to a square-integrable
solution of the Klein-Gordon equation defined on a background space-time, this decomposi-
tion corresponds to splitting the fields into positive and negative frequency parts. Note that
£¢ and 2 are complex eigenstates of the J9 operator:

e = +i¢4 and  J9E" = —ig®. (11)



As a consequence, the Hermitian condition (2)) implies that two vectors of the same type (for
example, a pair of J-positive vectors) are necessarily orthogonal with respect to the metric
Jap- Thus, we have gabfini = 0 for any pair £{, n¢{ of J-positive vectors, and gar€en® =0
for any pair £, n® of J-negative vectors.

In the case of a real vector £* it follows from the decomposition (@) that £* = g We
can also split a complex vector into J-positive and J-negative parts. However, in the case of
the splitting of a complex vector ¢* = (¢ + (2 there is no a prior: relationship between the

components (¢ and ¢?. That is, if (* is not real, then ¢ # E We note that the complex
conjugate of a J-positive vector is nevertheless a J-negative vector, and vice versa. More
precisely, we have E =(°.

In terms of J-positive and J-negative vectors, the Dirac inner product (7)) takes a sim-
plified form:

(n]€) = n" gas’. (12)

Equations ([7]) and (I2) are equivalent as we verify below:
N gaél = (0" +1J0°)gan(€" — 17487
= 3 (9 + T4 T 49ea) 1" = 31 (Gac Ty = T 0e) "€
= %na(gab - iQab)gb' (13)

Here we have used the relation (2]) and the antisymmetry of (24,

III. QUANTUM-MECHANICAL OBSERVABLES

In this section we show how to represent the observables of standard quantum mechanics
in terms of the geometry of the real Hilbert space ‘H. A quantum-mechanical observable
corresponds to a real symmetric J-invariant quadratic form on H, that is, to a real tensor
I, satisfying the symmetry condition

Fy = Fy, (14)
and the J-invariance condition
FupJ®Jb = F.. (15)

Note in particular that the quadratic form g, satisfies (I4]) and (I3)); g is the observable
corresponding to the identity. For the expectation value of the observable F' in the state £*
we have

<€|F‘§> _ Fabgafb (16)

€le)  gagact’
and more generally given the states £ and n* we have
(n|Fle) = n Fu&l. (17)

The quantum operator associated with the observable F,; is obtained by raising one of
the indices with the inverse of the metric:

b= 9" e (18)




Then, since Fy, is J-invariant, it follows that when the quantum operator F'4 acts on a
J-positive state vector, the result is another J-positive state vector. Alternative ways of

writing (7)) are
M FIE) = 0 gacF4EL = F gan€l, (19)

which express the self-adjointness of F' with respect to the Dirac Hermitian inner product.

Let us consider now the symmetries of the Hilbert space H. The rotations of H around
the origin are represented as orthogonal transformations, which are matrix operations of the
form £¢ — M4%£P such that

gabMachd = Ged- (20)

Such transformations preserve the norm g¢.,¢%° of the state £%. The unitary group then
consists of orthogonal matrices that also leave the symplectic structure invariant:

Quy M M°, = Q4. (21)
In the case of an infinitesimal orthogonal transformation of the form
b =0%+ef% (22)

with € < 1, it is straightforward to verify that f% satisfies

gaafcb + gbafca =0, (23>
from which we deduce that f¢, has the form
o = g% fa, (24)

where f, is antisymmetric. Substituting (24]) into (22)) and then into (2I)) shows that for
M¢9 to be a unitary operator it is necessary and sufficient that f,, be J-invariant. This
shows that any infinitesimal unitary transformation can be written in the form

Mab - 5ab + EJac Cb7 (25)

where F'9 is the operator associated with the quantum observable Fi;,. Conversely, fg is
antisymmetric and J-invariant if and only if it can be expressed in the form

fab = Facjcba (26)

where Fy;, is symmetric and J-invariant. Note that if '} is proportional to the identity g%,
then (28] corresponds to an infinitesimal phase transformation. Also, if F'% is trace-free,
then (27]) gives rise to an infinitesimal special unitary transformation.

Thus, the operator I is associated with both the observable F; as well as the infinites-
imal unitary transformation

€ — " + e FE (27)

The complete trajectory of the unitary transformation associated with the operator F'9 can
be obtained by exponentiating (27) and writing

£°(t) = exp (tJ°,FE"0p) £

, 28
§r=£2(0) ( )



where 0, = 0/0¢°. The differential operator in the exponent can be written as
JPF800, = 2 (Q70F) 0, (29)

where F(£) = F %", Thus, we see that the quadratic form F,,£%€? is the generator of a
Hamiltonian vector field X*(§) = 9%/t on 'H given by

o¢”
ot

= 10", F(¢). (30)

In other words, the trajectory of the one-parameter family of unitary transformations asso-
ciated with the observable Fy; is generated by the Hamiltonian vector field %Q“babF (&). If
H(€) = Hy%€b denotes the quadratic function on H associated with the Hamiltonian of a
standard quantum system, then the Schrodinger equation can be written in the form

oga
ot

= 10"9,H. (31)

We have shown how to describe standard quantum mechanics in terms of the geometry of a
real vector space H equipped with a complex structure J¢%, a positive-definite quadratic form
Jap, and a compatible symplectic structure €2,,. Observables are represented by J-invariant
quadratic forms on ‘H and dynamical trajectories are given by the symplectic vector field on
‘H generated by such forms. These structures are intrinsic to standard quantum theory.

IV. SPACE-TIME REFLECTION SYMMETRY

In Section [IIl we showed that to describe standard quantum theory geometrically it is
necessary to introduce a complex structure tensor J9% on the underlying space H of real
state vectors. The remaining structures, namely, the positive definite quadratic form g,
and the symplectic structure €2,,, are then chosen to satisfy the compatibility conditions.
In this section we show how to represent geometrically a P7-symmetric quantum theory.
To do so, we will replace the metric g, of standard quantum mechanics by a new quadratic
form 7y, called parity. The novelty of this approach is that unlike g,,, the quadratic form
Tap 1S not positive definite. We will see that the parity operator can only be introduced if
the dimension of the complex vector space of J-positive vectors is even.

Recall that in standard quantum mechanics the parity operator 7% represents space re-
flection and therefore it satisfies the conditions of an observable, as discussed in the previous
section. This means that m,, = g4.7%, is required to be real and symmetric. In addition it
must satisfy the J-invariance condition

Wabjachd = Teds (32)
which is equivalent to the commutation relation
ﬂ-achb — Jacﬂ-cb. (33)

In addition, the parity operator is required to satisfy the orthogonality condition

gabﬂ-acﬂ-cb = Yed- (34>



As a consequence, the eigenvalues of the parity operator are +1, as we now show: Since 7,
is symmetric, the orthogonality condition (34)) reads

Wacﬂcb - 5ab (35)

Thus, repeated space reflection is equivalent to the identity. If we diagonalise 7%, the
diagonal entries must be +1. Once the number of positive and negative eigenvalues is known,
then the parity operator is unique up to unitary transformations. To see this, suppose that
P and P’ are distinct parity operators. Because they have the same spectrum, there exists
a unitary transformation that maps one into the other.

In this paper we make the further assumption that the parity operator is trace-free:

7 =0. (36)

This condition may not be essential (see Bender et al. 2002a), but for simplicity we insist
that the condition (B6]) be satisfied so that half of the eigenvalues are +1 and the other half
of the eigenvalues are —1. As a consequence, 7% defines a special unitary operator on the
space of J-positive vectors associated with H. The trace-free condition also implies that the
parity operator can only be defined if the dimension of the underlying real Hilbert space H
is a multiple of four.

To formulate a P7-symmetric quantum theory, we keep the real Hilbert space ‘H with
its complex structure J¢%, and introduce a new inner product on H that is defined in terms
of the parity operator. In particular, we introduce a P7 inner product (n||¢) for the pair of
elements £* and n* in ‘H according to

&) = 31" (map — iwap)S", (37)
where wg, is defined by
Wap = Qe (38)
Equivalently, from (3]) we have
Wab = Tacd G- (39)

Since m,, is an observable in standard quantum mechanics, it follows that wg, is antisymmet-
ric and thus defines a new symplectic structure on H that is compatible with the complex
structure J9. Indeed, one can easily verify the J-invariance condition

wabjachd = Wed (40)

associated with the symplectic structure wy,. We remark that a Hilbert space endowed with
the inner product ([37) is known as the Pontrjagin space (Pontrjagin 1944), the properties
of which have been investigated by Krein and collaborators (Krein 1965, Azizov 1994). For
recent work on the relation between the Krein space and P7 symmetry, see Langer & Tretter
(2004), Giienther et al. (2005), Tanaka (2006), and Mostafazadeh (2006).

As in standard quantum mechanics, the P7 inner product (37) can be written directly
in terms of the J-positive and J-negative parts of the vectors £* and n®. Recall in this
connection that splitting H into J-positive and J-negative parts only depends on the complex
structure J9, and not on the associated quadratic forms. A short calculation shows that

(nlle) = n® masl. (41)



Conversely, from ([&1]) we get
nemasl = (0" + 100 )map (€ — 1T°4€7) (42)

by virtue of (I0). Then, using the J-invariance of 7y, and the antisymmetry of wy, as
defined by (B8)), we are immediately led back to the inner product (37]).

We now demonstrate the P-invariance of w,,. We begin by raising the indices of the
quadratic form 7y, using the metric g%:

7Tab — gacgbdﬂ_cd. (43)
We then multiply 7 by 74. Using ([BH) we find that
T = 9,°. (44)

Thus 7%, as defined in ([@3)), is the inverse of m,. It is straightforward to verify that the
analogously defined tensor

= g e (45)
satisfies
W = goerbdy, (46)
and
Wapw" = 0,6, (47)

Equation (7)) shows that w® is the inverse of wy. Also, from (@5]) and (@6]) we deduce that
7Tac’n-bd(“}Cd = Wab, (48)

which shows that w,; is P-invariant.

We summarise these results by observing that for the Hermitian theory we have the
compatible system of structures (J%, gap, $2ap) on H, whereas the quantum theory symmet-
ric under space-time reflection comes equipped with the compatible system of structures
(J%, Tap, wap). The key difference between the two theories is that while g, is positive def-

inite, my, is indefinite with the split signature (+,--- ,+,—,--+,—). In particular, given a
state £, its P7 norm, or more precisely its pseudo-norm, is defined by the expression
(€llE) = smang e, (49)

This norm can be either positive or negative and in some cases may even vanish.

To interpret the P7 norm we establish some identities concerning the parity splitting
of the Hilbert space. Given any real element £ in H, we can split it into its positive and
negative parity parts by writing

£ =&+ &8, (50)

where

€ =5(E" +m5€") and & =36 - 19E"). (51)
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These vectors are eigenstates of the parity operator m,,, satisfying

&l = ¢4 and whEl = —€2. (52)
If we write

b = 5(0% +7%) and TIg, = 5(8% — %) (53)

1
2
for the projection operators onto positive and negative parity eigenstates, then we have

0% = Mgy + 11, and 7% =TI, — IIg,, (54)
where

M, =¢2 and %60 = &2, (55)

Because 7% and J9% commute, it follows that the positive parity component of the J-positive
part of a real vector £* agrees with the J-positive part of the positive parity part of £%, and
likewise for other such combinations. This observation allows us to establish the following
result for the P7 norm:

Proposition 1 The squared P7T norm of a state £* € H is given by the difference between
the squared Hermitian norm of the positive parity part £ of the state and the squared
Hermatian norm of the negative parity part £ of the state:

(€llg) = (Calée) — (Ealée)- (56)

It follows from this proposition that if a measurement of the parity of a state is more
likely to yield a positive result, then its P7 norm is positive. Conversely, for a state having
more probably negative parity, its P7 norm is negative. To prove the identity (56) we insert
(54) into (49) and use the relations (B3] for the parity eigenstates.

We observe finally that if £ and n® are positive and negative parity states, respectively,
then their standard quantum transition amplitude vanishes:

{€olne) = 0. (57)
We derive (57) from (7)) by substituting n2 for n* and &g for £* and then using the identities
g1 1%. 112, =0 and Q112 112, = 0. (58)

The second of these two relations follows from the first because the J-tensor commutes with
the parity projection operators.
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V. OBSERVABLES AND SYMMETRIES

In this section we examine the transformations of H that preserve the P7 norm m,,&%€°.
Any linear transformation has the general form £ — M4%£° and this transformation pre-
serves the P7 norm for all £* € ‘H if and only if

Tap MM €T = T (59)
for all £, For an infinitesimal transformation
Mab — 5ab + Efac7 (60)

(59) holds to first order in € if and only if

T [ %°6° = 0 (61)
for all £*. We deduce that f9 must have the form
ab — 7_I_G,Cfcb’ (62)

where f,. is antisymmetric. Here, as in the previous section, 7% denotes the inverse of g
and satisfies T%m,. = §%, and we note that 7% can be defined unambiguously in this way
without reference to gu.

To verify (62) we observe that if (6I]) holds for all £%, then 7, f%, must be antisymmetric.
Writing 7af. = fae, we then obtain (62) by applying the inverse of m,;, to each side of the
equation. Thus, the infinitesimal pseudo-orthogonal transformations that preserve the P7
norm are given by

G =0% + em™ fu, (63)

where f,; is antisymmetric.

Next we require that the transformations preserve the P7 symplectic structure wy,. By
virtue of the compatibility condition, this is equivalent to the condition that the complex
structure is preserved. To first order in € we have

W MAM®, = weg + € (wadﬂ“efec + wcbﬂbefed) ) (64)
Thus, for w,, to be preserved we require that
Wadﬂ-aefec + chﬂ-befed = 0. (65>

However, since wgy, = maeJ%, the condition (68) implies that f,;, is J-invariant. Because fg
is antisymmetric and J-invariant, it can be written in the form

fab - Facjcba (66)

where F;, is a J-invariant symmetric quadratic form on H.
We conclude that the general infinitesimal pseudo-unitary transformation preserving 7,
and w,p has the form

Mab — 5ab + ewachb, (67)
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where F}; is a standard quantum observable in the sense that it is symmetric and J-invariant.
It is interesting to recall equation (26]) and to note that the same J-invariant quadratic forms
on H appear in standard quantum theory as well as in P7 symmetric quantum theory.

Following the approach of Section [IIl, we can express the trajectory of the pseudo-unitary
transformation associated with the operator F'4 = m*Fy;, in the form

£(t) = exp (twachgdab) £

, 68
£4=62(0) (68)
where 9, = 0/0¢b. Therefore, if we write F(£) = F,,£%" for the quadratic function on H
associated with a given observable F;,, then the dynamical equation for the correspond-
ing one-parameter family of pseudo-unitary transformations on H preserves the P7 inner
product, and this equation can be expressed in Hamiltonian form as

oge 1
ot 2

w®d,F. (69)

This result is analogous to (31]) for the case of standard quantum mechanics.

VI. P7T-SYMMETRIC HAMILTONIAN OPERATORS

In this section we consider observables that are invariant under space-time reflection
symmetry. Specifically, we consider the properties of P7 -symmetric Hamiltonian operators.
In contrast to the Hermiticity condition in conventional quantum mechanics, here we de-
mand that the Hamiltonian be invariant under space-time reflection. In ordinary quantum
mechanics the Hermiticity condition on the Hamiltonian operator is that H% be real,

H% = _abv (70)
and J-invariant,
abec a=H. (71)

If a Hamiltonian operator satisfies these conditions, then we say it is Hermitian. In our
discussion of P7-symmetric Hamiltonian operators, we shall keep the J-invariance, but
replace the reality condition by one that has a nice physical interpretation, namely, invariance
under space-time reflection.

In the previous sections we introduced the real vector space ‘H and the complex structure
J% onit. Then we showed that this structure can be augmented in one of two ways, either by
introducing the positive definite symmetric quadratic form g,, and the associated symplectic
structure €24, or by introducing the split-signature indefinite form m,, and the associated
symplectic structure wg,. In the following, we will consider either the structure (J%, gap, Qap)
or the structure (J%, mu, wap), Or sometimes both. For simplicity of terminology we call the
former the g-structure on ‘H and the latter the m-structure on H.

We begin by considering those aspects of the P7-symmetric theory that arise when we
have only the m-structure on ‘H at our disposal, and we will make no direct use of the parity
operator m% = ¢, because this involves g,;,. We make the following definitions: Suppose
that H is endowed with a m-structure and let H% be a complex operator on H¢ so that
HY = X% +1Y%, where X9 and Y} are real. Assume that H¢ is J-invariant. Then H¢
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is said to be invariant under space-time reflection, or P7 symmetric, with respect to the
given m-structure if

Trbc_HCdﬂ-ad — Hab (72)

This relation states that if we take the complex conjugate of the Hamiltonian followed by a
parity transformation, we recover the original Hamiltonian.

Now we discuss the important notion of a Hermitian form. A tensor K, on Hc is said
to be a Hermitian form if it is J-invariant and satisfies

Koy = K. (73)

Thus, K, is a Hermitian form if K, = X,,+1Yy,, where X, and Y, are real and J-invariant,
and X, is symmetric and Y, is antisymmetric. In particular, g, — i€ and 7y — iw,, are
examples of Hermitian forms. The following proposition is a direct consequence of these
definitions:

Proposition 2 A Hamiltonian operator H¢ 1is PT symmetric with respect to the m-
structure (J, Tap, wap) if and only if there exists a Hermitian form K, such that

HY = 1K, (74)

Proposition 2 demonstrates that the condition of P7 symmetry on a Hamiltonian is a
kind of Hermiticity condition, albeit not the conventional one. It is possible to characterise
PT invariance completely without involving any elements of the g-structure on H. To verify

(74)) we note that
Ty HE " = T K gom® = 6,0 Koqm™ = H°,. (75)

Let us turn now to the analysis of the spectrum of the operator H, still keeping within
the context of the m-structure. Because H¢ is complex, we have to admit the possibility
of complex eigenvectors, that is, elements of Hc. The following definition simplifies the
exposition: If ¢® is an element of Hc, then we define its 77 norm by the expression m,,¢%¢’,
which is the sum of the P7 norms of the real and imaginary parts of ¢.

Proposition 3 If the PT norm of an eigenvector of a PT -symmetric Hamiltonian is non-
vanishing, then the corresponding eigenvalue is real.

Proof. Suppose that for some possibly complex value of E the vector ¢, which may also

be complex, satisfies the eigenvalue equation H @ $b = E¢®. The complex conjugate of this

equation is H%¢" = E¢®. Transvecting each side of these equations with 7.,, we then obtain

TeaH%P" = Emeqd® and moH%0" = Emeq¢”. (76)
Therefore, by Proposition [2] we deduce that

Ku¢" = Engd® (77)
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and that
Kau¢® = Ema¢”. (78)
Because K, is a Hermitian form, we can replace (78) with the relation
Kau¢® = Ema¢”. (79)
If we contract (7) and (79) with ¢® and ¢?, respectively, and subtract, we obtain
(E — E)rap¢"¢” =0, (30)
which establishes Proposition [3l OJ

We conclude that if a P7-symmetric Hamiltonian has complex eigenvalues, then the
corresponding eigenstates necessarily have a vanishing P7 norm. We proceed to augment
the vector space H with the g-structure as well as the w-structure. Introducing the g-
structure allows us to consider the parity operator 7%. The condition (72) for the invariance
under space-time reflection can now be written in the form

Wacﬁcdﬂ-db — Hab (81)

Another way of stating this condition is that the real part of the Hamiltonian operator has
even parity and the imaginary part of the Hamiltonian has odd parity. Therefore, if we
write H% = X% + 1Y, where X9 and Y¢ are real, then we have

Xt = X% and 7oY4mt = Y4 (82)

Conversely, any such complex operator is automatically invariant under space-time reflection.
With the aid of the parity operator 7% we are led to the following observation on the
reality of the energy eigenvalues:

Proposition 4 Let E and ¢* be an eigenvalue and corresponding eigenstate of a PT -
symmetric Hamiltonian operator H%. Then, E is also an eigenvalue of HY, for which
the associated eigenstate is m%,¢°. In particular, if ¢ is a simultaneous eigenstate of the PT
operator, then E is real.

Proof. We start from the eigenvalue equation
" = B¢, (83)
where E may or may not be real. Substituting (8] into the right side of (83]) gives
7 Hemhob = B¢ (84)

By taking the complex conjugate, we obtain 7% H¢,7%¢®* = E¢®. We then multiply on the
left by the parity operator and get

Her’ ¢¢ = En% " (85)

Thus, if ¢ is an energy eigenstate with eigenvalue F, then the state defined by 4" is
another energy eigenstate having eigenvalue E. If, in addition, the eigenstate ¢* is simulta-
neously an eigenstate of the P7 operator, then

10" = A¢", (86)
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where A is a pure phase. Substituting (86]) into (85]) and subtracting the result from (83),
we get E = F, which establishes Proposition ([l

Dorey et al. (2001a,b) showed that the key condition of Proposition 4], namely, that ¢® is a
simultaneous eigenstate of P7, is in fact valid for the Hamiltonian H = p*+2?(iz)¢ (e > 0).
When energy eigenstates {¢%} are not simultaneously eigenstates of the P7 operator, we
say that space-time reflection symmetry is broken (Bender & Boettcher 1998, Bender et
al. 1999). In this case, the complex eigenvalues {F,} occur in complex conjugate pairs.
Conversely, if space-time reflection symmetry is unbroken so that {¢%} are eigenstates of
the P7T operator, then the corresponding energy eigenvalues are real. In this case, a sufficient
(but not necessary) condition for the orthogonality of the eigenstates can be given:

Proposition 5 If the eigenstates {¢%} of a PT -symmetric Hamiltonian operator H% are
simultaneously eigenstates of the PT operator, then a sufficient condition for the orthog-
onality of the eigenstates with respect to the PT inner product is that the quadratic form
defined by Hup = gocHS, is symmetric.

Proof. Consider for n # m a pair of eigenvalue equations H b = E,¢2 and HY¢b =
E,,¢% . Transvecting these equations with m,.¢¢, and m,.¢5,, respectively, and subtracting
the two resulting equations, we obtain

‘EfnﬁcaHab(bZ - ‘Z;fzﬁcaHabﬁblr)n = Tab (Enﬁ% - Emﬁb?n@%) . (87)

Now, if the energy eigenstates are simultaneously eigenstates of the P7 operator so that
7o = ¢ then 7ol = gud’. Therefore, the left side of (87) becomes

fngca abgbg - ;gca abgbbm - ch (Qbfnﬁbz - gbnglr)n) ) (88)
where Hy, = g.oH%. Therefore, the condition H,, = H,, is sufficient to ensure that the right
side of (87) vanishes, which establishes Proposition [l O

Note that although the symmetric condition on the complex Hamiltonian H,, is sufficient
to ensure the orthogonality of the eigenstates, it is not a necessary condition.

VII. CONSTRUCTION OF A POSITIVE INNER PRODUCT

In this section we use an additional symmetry operator C to construct a positive-definite
inner product. It is necessary to do this because when one formulates quantum mechanics on
a Hilbert space endowed with the structure of space-time reflection symmetry, one obtains
an indefinite metric having a split signature, where half of the quantum states have positive
and the other half have negative P7 norm. The split signature arises because half of the
eigenvalues of the parity structure 7, are positive and the other half are negative.

The norm in standard quantum mechanics is closely related to the probabilistic interpre-
tation of the theory. Therefore, the physical interpretation of the inner product defined in
(B7) is ambiguous. To remedy this difficulty, Mostafazadeh (2002) and Bender et al. (2002b,
2003) pointed out the existence of a new symmetry associated with complex non-Hermitian
Hamiltonians that are symmetric under space-time reflection. It was noted that by use of
this symmetry, which carries an interpretation similar to that of charge conjugation, it is
possible to introduce a new inner product on the vector space H¢ spanned by the eigenstates
of PT-symmetric Hamiltonians in such a way that all the eigenstates have positive-definite
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norm. With the aid of this symmetry the correct probabilistic interpretation of the quan-
tum theory is restored. Here, we discuss briefly the geometrical properties of the symmetry
associated with the new symmetry operator C'%. We begin by establishing a formula for the
PT inner product of a pair of energy eigenstates:

Proposition 6 Suppose that H% is a PT -symmetric Hamiltonian operator whose PT sym-
metry is not broken so that its energy eigenvalues are real. Let {¢p%} denote a set of eigen-
states of H%. Then the PT inner product of an arbitrary pair of energy eigenstates is

(Dl ) = gardsdh,- (89)

Recall that the P7 inner product of a pair of states is given by 7.,¢%¢" . Proposition @
states that when the P7 symmetry is unbroken, ¢¢ is an eigenstate of the P7 operator. We
thus have 720l = Gaem™, 0200 = Gacd®@P,, which establishes Proposition [l Because the
PT norms of the energy eigenstates are real, it follows that the real part of ¢? is orthogonal
to its imaginary part with respect to the quadratic form ggp.

We normalise the energy eigenstates according to the scheme

F R S, (90)

! V ‘gab(b%(bm "

and assume hereafter that ¢¢ will always be normalised in this way. It was shown in Section
IV] that half of the normalised energy eigenstates have positive P7 norm and that the
remaining half have negative P7 norm. Without loss of generality we may order the levels
so that

gabgb?ngbz = (_]-)n(snm (9]-)

With these conventions at hand, we define the new symmetry operator C%. First, C'%
is a P7 -symmetric operator. This implies that there exists a positive Hermitian form L,
satisfying La, = Ly, such that we can write C% = m*Ly.. Second, C% commutes with the
Hamiltonian operator H%. As a consequence, the eigenstates {¢%} of the Hamiltonian are
simultaneous eigenstates of C'%. Third, the eigenvalues of C are given by

bon = (=1)"40, (92)

where ¢¢ satisfies (O1]). In other words, C'% is an operator commuting with the Hamiltonian
H¢ such that its eigenvalues are precisely the P7 norm of the corresponding eigenstates.
Consequently, C% is involutary, satisfying C%C®, = §%, and trace-free so that C, = 0.

We remark that in the infinite-dimensional context, it has been shown that the C operator
admits a position-space representation of the form (Mostafazadeh 2002, Bender et al. 2002b)

C=> ou)bn(y), (93)

in contrast with the position-space representation for the parity operator

P = (~1)"bu(x)dn(~y)- (94)
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Here {¢,(z)} denote eigenfunctions of the P7 -symmetric Hamiltonian.
Having defined the operator C'%, we introduce on the vector space Hc the following inner
product: If £*,n® € Hc, then their quantum-mechanical inner product (£|n) is defined by

(€ln) = gacCyn"an"€". (95)
With respect to the inner product (:|-) we have
<¢n|¢m> = Yac Cbﬂ-bdgbzma)g = Yac Cbéb%ébz = (—1)ngab¢fn¢z = Opm- (96)

Therefore, (O5)) defines a positive-definite inner product between elements of H¢. Note that
this notation makes no distinction between the Dirac Hermitian inner product defined in
(@) and the inner product (@3] defined with respect to CP7 conjugation. We view (05
as a natural extension of ([7l) because when the prescribed Hamiltonian is Hermitian, (93]
reduces to the conventional Dirac inner product (7).

VIII. AN EXPLICIT TWO-DIMENSIONAL CONSTRUCTION

Consider a quantum-mechanical system of a spin—% particle whose Hamiltonian H is a
2 x 2 complex matrix. We regard H as an operator that acts on the space of J-positive
vectors. The general form of the two-dimensional parity operator satisfying the properties
described above is P = o - n, where n is an arbitrary real unit vector and o are the Pauli
matrices. However, because in finite dimensions P is determined uniquely up to unitary
transformations, we can set n = (1,0, 0), so that the parity operator is given by

79:((1’(1)) (97)

Based on Wigner’s discussion on time reversal in quantum mechanics (Wigner 1932), we
remark that the corresponding operator is antiunitary. We recall in this connection that a
unitary operator 7' in conventional quantum mechanics has the norm-preserving property
(o) = (T'|T), whereas if T is antiunitary we have a ‘transposed’ form of the norm-
preserving property (p|y) = (TY|Ty) (Wigner 1960a,b). In particular, for a spin system
in Hermitian quantum mechanics the Hamiltonian must be invariant under time reversal
(Morpurgo & Touschek 1954).

For the present consideration we let time-reversal acting on a symmetric Hamiltonian
be given by complex conjugation. It follows that a Hamiltonian satisfying the condition

PHP = H can be expressed as
re? s
H = ( < Te_ig) . (98)

This is the example considered by Bender et al. (2002b, 2003). [A number of other papers
have been written on P7 -symmetric matrix Hamiltonians. See, for example, Znojil (2001),
Mostafazadeh (2002), Weigert (2006), Giienther et al. (2007).] The Hamiltonian (O8]) can
alternatively be expressed in the form

H=rcosbl + iwo - n, (99)
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where w? = s — r?sin?0 and n = 2w™! (s, 0, irsiné) is a compler unit vector satisfying

n-n = 1. Therefore, we see that while a Hermitian Hamiltonian for a spin—% particle can
also be written in the form (Q9), the key difference here is that the unit vector n in the
case of a P7T-symmetric system is, in general, complex. This is the sense in which we are
extending quantum mechanics into complex domain.

According to Proposition [2] this operator can be expressed as a product of the quadratic
form representing the parity operator and a standard Hermitian quadratic form. Thus, we

have
rel? g 01 s relf
( s Teie) B (1 O) (rew S ) : (100)

Although H is a complex matrix, the secular equation for the eigenvalues of this Hamil-
tonian is real (Bender et al. 2002b). The energy eigenvalues

Ey =rcosf 4 /s —r2sin®0 (101)

are also real and nondegenerate in the parameter region determined by
s > r?sin” 6. (102)

We demand that this inequality be satisfied so that the P7 symmetry is not broken. If the
P7T symmetry is broken, then the energy eigenvalues £, and E_ are complex, and according
to the result of the previous section the P7 norm of the corresponding eigenstates must
vanish. To verify that the norm vanishes in this case, we first determine the unnormalised
energy eigenstates and obtain the expression

Now, if the PT symmetry is broken so that s> < r2sin?6, then it follows that the sec-

ond components of the vectors |EL) are purely imaginary. Recall that if |v) = (22) is a

two-component vector, then the application of the P7 operation gives P7 |v) = (U3 7).
Therefore, in the broken symmetry phase, we have

(Ex| Ex) =0, (104)

broken P7T N
as claimed.

We now turn to consider the physically interesting situation where the parameters in
the Hamiltonian satisfy (I02]) so that the P7 symmetry is unbroken. In this case we have
the orthogonality condition (F.||E+) = 0. The eigenvectors |Ey) of the Hamiltonian H
are simultaneously eigenstates of the P7 operator. As denoted earlier, we can choose the
phases of the eigenvectors so that their eigenvalues under P7 are all unity. For this choice
of phases these eigenvectors are given by

|E > 1 ( eia/2 ) |E > i ( efia/2 ) (105)
T V2cosa \ e ) T V2cosa \ —€? )
Here we have set sina = (r/s) sinf, and the inequality (I02) for the reality of F. ensures

that « is real and that both st and cosa are positive. It is easy to verify that these states
are also eigenstates of P7 with unit eigenvalues.
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In conventional Hermitian quantum mechanics the norm is defined in terms of a Hermitian
inner product, which has the form (u|v) = @ - v and which equals @;v; + @svy in two
dimensions. Thus, the norm (v|v) of a vector is positive definite. On the other hand,
the P7 inner product is determined by the P7 conjugation operation (u|lv) = P7Tu - v,
which is wsv; + @ivy in two dimensions. Note that P7u-v = u - P7v. Just as in the
case of the Hermitian norm, the P7 norm (v||v) is also independent of overall phase. With
respect to the P7 inner product there is an indefinite norm given by (E|E;) = +1 and
(E_||E-) = —1, as well as the orthogonality conditions (F_||Ey) = (E||E-) = 0. These
identities can easily be verified by use of (I0%]).

The eigenvectors |EL) are complete in that they span the two dimensional vector space.
The statement of completeness is embodied in the identity

IBEd - 1) = (5 §). (106)

where ||v)(v|| denotes |v) (PTv|. Equation (I06) is the P7 -symmetric version of the state-
ment of completeness |Ey)(E, |+ |E_)(E-| =1 in a Hermitian quantum theory.
The C operator is given by o - n, or more specifically by:

L /e
C = (ISIfO‘ 1 ) (107)

CcOS (¢ —1sin o

Note that [C,PT] =0 and [P, 7] = 0 implies CPT = TPC. Therefore, if |v) = (2;) is an

arbitrary two-component vector, we have

CPT[lv)] =T Loia (—islinoz iSTQ) @)]

1
= <@1+iﬂgsina ﬂg—iﬂlsina> = (v]. (108)
COS (v
It follows that
= U v (Vg — U i 109
(v]u) —— (D1ug + Vaug + 1(Vouy — Vrug) sin ar) (109)

for the C’P7 inner product of a pair of vectors. In particular, it is straightforward to verify
that (E4|Ez) = 0 and that (E,|Ey) = 1. It also follows that the squared CP7 norm of an
arbitrary vector |v), given by

(vlv) =

(@11)1 -+ Uyg + i(@gvl - 171’02) sin Oz) s (110)
Cos a
is real and positive (because v9v; — 30y is purely imaginary) and that the constraint (102)
is satisfied.

We observe that by the introduction of the additional structure C it is possible to restore
a fully consistent quantum theory of a P7-symmetric spin—% particle system. It should be
noted, however, that the example considered here is by no means the most general form of
a complex extension of a two-level system in quantum mechanics, as it is evident from the
special form n = 2w™! (s, 0, irsinf) of the unit vector used in (9.



20

Acknowledgments

We wish to express our gratitude to H. F. Jones and R. F. Streater for stimulating discus-
sions. As an Ulam Scholar, CMB receives financial support from the Center for Nonlinear
Studies at the Los Alamos National Laboratory and he is supported in part by a grant from
the U.S. Department of Energy. DCB gratefully acknowledges financial support from The
Royal Society.

1]

2]

3]

[4]

[10]

[11]

[12]

[13]

[14]

Ahmed, Z. 2002 “Pseudo-Hermiticity of Hamiltonians under gauge-like transformation:
real spectrum of non-Hermitian Hamiltonians” Phys. Lett. A294, 287-291.

Ashtekar, A. & Magnon, A. 1975 “Quantum fields in curved space-times” Proc. R.
Soc. London A346, 375-394.

Ashtekar, A. & Schilling, T. A. 1995 “Geometry of quantum mechanics” CAM-94
Physics Meeting, in AIP Conf. Proc. 342, 471-478 ed. Zapeda, A. (AIP Press,
Woodbury, New York).

Azizov, T. Ya., Ginzburg, Yu. P. & Langer, H. 1994 “On M. G. Krein’s papers in the
theory of spaces with an indefinite metric” Ukrainian Math. J. 46, 3-14.

Bender, C. M. 2005 “Introduction to P7 -symmetric quantum theory” Contemp. Phys.
46, 277-292.

Bender, C. M. 2007 “Making sense of non-Hermitian hamiltonians” arXiv:
hep-th /0703096.

Bender, C. M., Berry, M. V. & Mandilara, A. 2002a “Generalized PT symmetry and
real spectra” J. Phys. A35, L467-1471.

Bender, C. M. & Boettcher, S. 1998 “Real spectra in non-Hermitian Hamiltonians
having P7 -symmetry” Phys. Rev. Lett. 80, 5243-5246.

Bender, C. M., Boettcher, S. & Meisinger, P. N. 1999 “P7-Symmetric Quantum Me-
chanics” J. Math. Phys. 40, 2201-2229.

Bender, C. M., Brody, D. C. & Jones, H. F. 2002b “Complex extension of quantum
mechanics” Phys. Rev. Lett. 89, 27040-1~4.

Bender, C. M., Brody, D. C. & Jones, H. F. 2003 “Must a Hamiltonian be Hermitian?”
Amer. J. Phys. 71, 1095-1102.

Brody, D. C. & Hughston, L. P. 1998 “Statistical geometry in quantum mechanics”
Proc. R. Soc. London A454, 2445-2475.

Brody, D. C. & Hughston, L. P. 1999 “Geometrisation of statistical mechanics” Proc.
R. Soc. London A455, 1683-1715.

Dorey, P., Dunning, C. & Tateo, R. 2001a “Supersymmetry and the spontaneous
breakdown of P7 symmetry” J. Phys. A34, 1.391-1400.


http://uk.arXiv.org/abs/hep-th/0703096

[15]

[16]

[17]

[18]

[21]

[22]

[23]

[24]

[25]
[20]

[27]

[28]

[29]

[30]

21

Dorey, P., Dunning, C. & Tateo, R. 2001b “Spectral equivalences, Bethe ansatz equa-
tions, and reality properties in P7-symmetric quantum mechanics” J. Phys. A34,

5679-5704.

Dorey, P., Dunning, C. & Tateo, R. 2007 “The ODE/IM Correspondence” arXiv:
hep-th/0703066.

Geroch, R. 1971 “An approach to quantization of general relativity” Ann. Phys., N.Y.
62, 582-589.

Geyer, H. Heiss, D. & Znojil, M. (eds) 2006 Proceedings of The Physics of Non-
Hermitian Operators, University of Stellenbosch, South Africa, November 2005, in J.
Phys. A39, 9965-10261.

Gibbons, G. W. & Pohle, H.-J. 1993 “Complex numbers, quantum mechanics, and the
beginning of time” Nucl. Phys B410, 117-142.

Giienther, U., Stefani, F. & Znojil, M. 2005 “MHD o?-dynamo, Squire equation and
PT-symmetric interpolation between square well and harmonic oscillator” J. Math.
Phys. 46, 063504~1-22.

Giienther, U., Rotter, I. & Samsonov, B. F. 2007 “Projective Hilbert space structures
at exceptional points” Preprint math-ph/0704.1291.

Jones, H. F. 2005 “On pseudo-Hermitian Hamiltonians and their Hermitian counter-
parts” J. Phys. A38, 1741-1746.

Krein, M. G. 1965 “An introduction to the geometry of indefinite J-spaces and the
theory of operators in these spaces” in Proc. Second Math. Summer School, Part
I, 15-92 (Kiev: Naukova Dumka). (Note that in the literature of Krein spaces the
symbol J is used to denote what we call ‘parity’ m in our paper; whereas we let J
denote the complex structure, following the usual convention in algebraic geometry.)

Langer, H. & Tretter, C. 2004 “A Krein space approach to PT-symmetry” Czechoslo-
vak J. Phys. 54, 1113-1120.

Morpurgo, G. & Touschek, B. F. 1954 “On time reversal” Nuovo Cimento 12, 677-698.

Mostafazadeh, A. 2002 “Pseudo-Hermiticity versus PT-symmetry 1117 J. Math. Phys.
43, 3944-3951.

Mostafazadeh, A. 2002 “Pseudo-supersymmetric quantum mechanics and isospectral
pseudo-Hermitian Hamiltonians” Nucl. Phys. B640, 419-434.

Mostafazadeh, A. & Batal, A. 2004 “Physical aspects of pseudo-Hermitian and P7 -
symmetric quantum mechanics” J. Phys. A37, 11645-11679.

Mostafazadeh, A. 2005 “Pseudo-Hermitian description of P7-symmetric systems de-
fined on a complex contour ” J. Phys. A38, 3213-3234.

Mostafazadeh, A. 2006 “Krein-space formulation of P7-symmetry, CP7 -inner prod-
ucts, and pseudo-Hermiticity” Czech. J. Phys. 56, 919-933.


http://uk.arXiv.org/abs/hep-th/0703066

[31]

[32]

[33]

[34]

[35]

[36]

[37]

[38]
[39]

22

Pontryagin, L. S. 1944 “Hermitian operators in spaces with indefinite metrics” Bull.

Acad. Sci. URSS. Ser. Math. [Izvestiya Akad. Nauk SSSR], 8, 243-280.

Streater, R. F. & Wightman, A. S. 1964 PCT, Spin & Statistics, and all that (New
York: Benjamin).

Tanaka, T. 2006 “General aspects of P7 -symmetric and P-self-adjoint quantum theory
in a Krein space” J. Phys. A39, 14175-14203.

Weigert, S. 2006 “An algorithmic test for diagonalizability of finite-dimensional PT-
invariant systems” J. Phys. A39, 235-245.

Wigner, E. 1932 “Ueber die Operation der Zeitumkehr in der Quantenmechanik”
Nachr. Akad. Ges. Wiss. Géttingen 31, 546-559.

Wigner, E. P. 1960a “Normal form of antiunirary operators” J. Math. Phys. 1, 409—
414.

Wigner, E. P. 1960b “Phenomenological distinction between unitarity and antiunitar-
ity symmetry operators” J. Math. Phys. 1, 414-416.

Znojil, M. 2001 “What is PT symmetry?” Preprint quant-ph/0103054.

Znojil, M. (ed.) 2004, 2005, 2006 Proceedings of the First, Second, Third, Fourth,
and Fifth International Workshops on Pseudo-Hermitian Hamiltonians in Quantum
Mechanics, in Czech. J. Phys. 54, issues #1 and #10 (2004), 55, issues #1 (2005),
Ed. by M. Znojil Czechoslovak Journal of Physics 56, 1047 (2006).


http://uk.arXiv.org/abs/quant-ph/0103054

	Introduction
	Hermitian quantum mechanics
	Quantum-mechanical observables
	Space-time reflection symmetry
	Observables and symmetries
	PT-symmetric Hamiltonian operators
	Construction of a positive inner product
	An explicit two-dimensional construction
	Acknowledgments

