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Efficient simulation of quantum state reduction
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The energy-based stochastic extension of the Slitger equation is a rather spe-

cial nonlinear stochastic differential equation on Hilbert space, involving a single
free parameter, that has been shown to be very useful for modeling the phenom-
enon of quantum state reduction. Here we construct a general closed form solution
to this equation, for any given initial condition, in terms of a random variable
representing the terminal value of the energy and an independent Brownian motion.
The solution is essentially algebraic in character, involving no integration, and is
thus suitable as a basis for efficient simulation studies of state reduction in complex
systems. ©2002 American Institute of PhysicgDOI: 10.1063/1.1512975

The standard energy-based stochastic extension of the dbchen equation is given by the
following stochastic differential equation:

d| ¢t>: _”:||¢t>dt_ %‘Tz(ﬂ - Ht)2|¢t>dt+ %U(ﬂ_ Ht)|¢t>dwt! (1)

with initial condition|y,). Here|4,) is the state vector at timie H is the Hamiltonian operator,
W, denotes a one-dimensional Brownian motion, and
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is the expectation ofA in the state |#). The parameters, which has the unitso
~[energy ~[time] 2 governs the characteristic timescale associated with the collapse of
the wave function induced bl). This is given byrg=1/0?V,, whereV, is the initial value of
the squared energy uncertainty, which at titrie
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The stochastic equatiail) is perhaps the simplest known dynamic model for state reduction
in quantum mechanics consistent with both the Born probability rules and the principle of energy
conservation. Although the mathematical and phenomenological properiigstave been stud-
ied extensively, it has hitherto been necessary to resort to numerical methods to solve dynami-
cal equations of this typeand exact solutions have been unavailable except in very simple cases.
The purpose of this article is to present a general analytic solution for the dynamnjigg of

We begin with a brief overview of the stochastic framework implicit in the extended Schro
dinger dynamics given by Eql), following a line of argument developed in Ref. 4. Specifically,
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we introduce the key notions of filtration, conditional expectation, martingale, and supermartin-
gale, and show how these concepts can be used effectively to characterize the reductive properties
of (1). We then proceed to establish, by novel use ofoalinear filteringtechnique, that the
energy expectation proce$®) can be expressed as the conditional expectation of a random
variable representing the terminal value of the energy. As a consequence, we are led to simple
analytic expressions for the ener(®0) and the state vectdB3) in terms of a pair of independent

state variables. These results open up the possibility of efficiently simulating the reduction process
for a variety of models. Finally, we illustrate the practical advantages of our method by analyzing
the timescale associated with the reduction process in the case of a two-state system.

The dynamics of ;) are defined on a probability spa¢®, F, ) with filtration {F;} (O
<t<x). Here() is the sample space over which is a o-field of open sets upon which the
probability measuré’ is defined.

The filtration determines for eadi®0 the information available at that time. More specifi-
cally, the filtration consists of a famil{F;} of o-subfields ofF such thats<t implies F,C F; .

Given a random variablX on (Q, F, P), we write E[ X| 7] for the conditional expectatiof X
with respect to ther-subfield 7, C F. Intuitively, conditioning with respect t@&; means giving all
the information available up to time The nestingF,C F; for s<t thus embodies a notion of
causality. For convenience, we use the abbrevialigX]=E[ X| %], and we note that the con-
ditional expectation satisfies the tower propdityl,,[ X]]= EJ X] for s<t. If 5] X]=X, we say
that X is Fi-measurable

The conditional expectation operation allows us to introduce the concept of a martingale, the
stochastic analog of a conserved quantity. A procésss said to be an{F}-martingale if
E[|X{|]< andEgJ X;]=X; for all 0sss<t<w. In other words X; is an{F;}-martingale if it is
integrable and if its conditional expectation, given information up to s the valueX, of the
process at that time.

For a concise mathematical representation of the state reduction process, we also require the
concept of a supermartingale. A proceXs is an {F}-supermartingaleif E[|X|]<e and
EJ X{]=X, for all 0ss<t<o. Intuitively, a supermartingale is on average a nonincreasing pro-
cess.

The filtration {;} with respect to which the state vectpf;) evolves is generated in a
standard way by the Wiener proce&g. We signify this by writing{ F}={F"}. It is straight-
forward to verify that the energy procelsls is an{f}"’}—martingale, and that the variance process
V, is an{F"}-supermartingale. That is to say,

EJH{]=Hs, 4
and
Fg Vi]<Vs. (5
These relations can be deduced by applying Ito’s lemm@)tand (3), from which we infer that
dH{= oV dW,, (6)
and that
dV,= — o?V2dt+ o B dW,, (7

where

5 _(l(H=HY )
' (il )

is theskewnessf the energy distribution at time The fact thai6) has no drift shows thel; is
a martingale, and the fact that the drift () is negative shows that; is a supermartingale.

®)
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In the case of the ordinary Schiinger equation with a time-independent Hamiltonian, the
energy procesg) is constant. This is usually interpreted as the quantum mechanical expression of
an energy conservation law. However, if a system is in an indefinite state of energy, then it is not
immediately evident what is meant by energy conservation. The martingale conHlifibip]
=H, can be interpreted asgeneralized energy conservation lapplicable if a system is in an
indefinite state of energy. In particular, it implies that once state reduction has occurred, the
probabilistic average of the outcome for the energy must equal the initial expectation.

The supermartingale property satisfied Wyis the essence of what is meant byealuction
process In fact, it follows from Eq.(7) that the asymptotic behavior &f; is given by

lim E[V,]=0, (9)

t—oo

which signifies the collapse of the wave function. A positive supermartingale with the property
that its expectation vanishes in the limittagoes to infinity is called @otentialprocess. Writing

H.. for the random terminal value of the energy, one can then prove as a consequé)canaf

(7) that

Hi=E[H.] (10
and that
VtzEt[(Hm_Ht)z]- (11

That is to say, the processkls andV, are respectively thﬂ’v-conditional mean and variance of
H.,.

With these facts in hand, we now present a method for solving the stochastic ed@atioor
approach is based on the theory of nonlinear filtefiRitering techniques have been shown to be
useful in quantum optics in connection with the theory of continuous observations, and in some
situations phenomenological equations similaftpfor the a posterioridynamics of a continu-
ously observed system can be deriVatfe shall, however, regard the dynamics| of) as being
given, and use the filtering methodology with a different end in view: namely, to construct the
solutionof (1).

The setup is as follows. We denote By (i=1,2,...) the eigenvalues of the Hamiltonian of a
given quantum system, and write

WP
Y (ol Yo) (Wil i)

for the transition probability from the given initial stdt#,) to the eigenstatpy;) with energyg; .
If the spectrum ot is degenerate, they;) denotes the Lders state, i.e., the projection [af)
onto the linear subspace of states corresponding to the eigerivalue

Now let the probability spac&), F, P) be given, and on it specify a random variablehat
takes the valueg&; with probabilities ;. We assume thaf(), F, I’) comes equipped with a
filtration {G,} with respect to which a standard Brownian mot®nis specified, and that andB,
areindependentWe assign na priori physical significance té1 and B;, which are introduced
here simply as an ansatz for obtaining a solution(for Next we define the process

12

&=oHt+B,. (13

Intuitively, we can think of¢, as giving us a “noisy” representation of the information encoded in
the random variablél.

We Iet{]—'f} denote the filtration generated by the procéssi.e., the information generated
by ¢, as time progresses, and consider the conditional expectation
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H.=E[H|F]. (14)

Clearly,f;fc G, since knowledge off together with the pathBg} s~ implies knowledge of the
path{&s}o<s<t, although the converse is not the case.

It follows from the tower property thal, is an {F:}-martingale. One can think dfi; as
representing an estimate for the valuetbfjiven the history of the process from time 0 up to
time t. More precisely, aliff}—measurable random varialily minimizes the expectation of the
squared deviation dfl from H,, given the history of, from time 0 to timet, if and only if (14)
holds. This can be seen by varying the expressiigiH — Ht)2|f;f] with respect toH, .

We shall now establish the remarkable fact thatpgtecess H defined by (14) is statistically
indistinguishable from the energy process (2) associated with the stochastic extension of the
Schralinger equation (1)

The argument goes as follows. First, becagsis a Markov process satisfying

lim t~&=0H, (15

t—oo

we can replacg14) with the simpler relatiorH,=E[H|&]. In other words, to determine the
conditional expectation dfl given the patH &} o<s<, it suffices to condition on the valug of
the process at the end of the path.

To calculatell[ H| £,], we require a version of the Bayes formula applicable when we consider
the probability of a discrete random variable conditioned on the value of a continuous random
variable. This is given by

mip(&H=E))
]P(H:Eilgt):EiWiP(§t|H:Ei)' (18)
where
mi=P(H=E)). (17

Herep(&|H=E;) denotes the conditional probability density for the continuous random variable
& given thatH=E; . SinceB, is a standard Brownian motion, the conditional density&ois

1 1
P(§t|H=Ei):\/?ﬂeX —E(&—UEit)z)- (19

It follows from the Bayes law(16) that the conditional probability for the random variablds

i eXp(oE; & — %O'ZEizt)

P(H=E|&)= .
18 S 7 exp( oE; & — 30%E?t)

(19

Therefore, multiplying each side ¢19) by E; and summing over, we deduce that the conditional
expectation of the random variakte given &, is

y 3,7 E; exp 0E; & — 20%E?t) 0
U Sim expoE & — bo?ER)

In order to show thaH, is the energy process associated with one further key result is
required: namely, thahe process \Wdefined by

t
Wt=§t—a'f Hds (21
0
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is an {F£}-Brownian motion To verify this, it suffices, by virtue of Lxg’s characterization of
Brownian motiorf, to demonstratéa) that (dV,)?=dt and (b) that W, is an{F¢}-martingale. To
verify (a) we note tha{13) implies

dé,=oHdt+dB,, (22

and thus (d,)%2=dt. On the other hand21) implies that &V,=d& — oH,dt, and hence (¢,)2
=(d&)?. To establish(b), let (20) define a functionH(&,t) of two variables such thak,

:H(gt!t)
S, mE; exp(oE;é— ta?E?t)
H(g,t)z =1 Fi I 122 2I . (23)
>, eX[XO'EiE_ 50 Ei t)
Then applying Ito’s lemma and using the relatior£,jd=dt, we obtain
dH = (dH(& 1)+ 307H (&, D) dt+ 0 H (&t dé, (24)

where 9;H (¢, ,t) denotesgH(¢,t)/dt valued até=¢,, and so on. A calculation making use of
(21), (23), and(24) then shows that

dHt:UV(gt,t)th, (25)
where the function/(é&,t) is

Simi(Ei—H(&)2 exp(oE; ¢ — 302Ex)
S exp(oE;£— 20?E2t) '

V(&)= (26)

BecauseH, is an {F}-martingale, we conclude thaw, is also an{Ft}-martingale, and that
establishegb). We thus deduce thaw, is an{F}-Brownian motion, with respect to whic; is
a diffusion process satisfying

Now let |#,) be the initial normalized state vector of the quantum system, arfe| leenote

for each value of the projection operator onto the Hilbert subspace corresponding to the energy
eigenvaluek; . We let

)= 2P| o) (28)
denote the Lders state corresponding &, and write
i=P(H=Ei|&) (29)

for the process defined biL9). Then we can establish our main result, that
) =20 e BT yy) (30)

satisfies the stochastic extension of the Sdimger equatior(1) with the given initial condition.
In particular, by applying Ito’s lemma tL9) and using(27) we obtain

dHit:U(Ei_Ht)Hitth' (31)

With another application of Ito’s lemma we deduce that
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dI1?= — 3o?(E;— H) A1 dt + o (E; — H) I1E2dw, . (32

A short calculation then shows theg0) satisfies the stochastic equatik), and that the expec-

tation of the operatoH in the state ) is the proces$20).

In summary, the stochastic equati¢hh can be solved as follows. We lét be a random
variable taking the valueg; with the probabilitiess; defined by(12). Letting B; denote an
independent Brownian motion, we defiggas in(13). The solution of(1) is then given by

i exp(—iEjt+ 30E & — $02ER) | ¢)
(Sim; exp(oE & — 30°E?T)) 12

|gh) = (33

where the{ff}—Brownian motionW, driving | i) in (1) is given by(21). Expression20) for H,
follows at once from(33) since<¢i|ﬂlzpj>= Eid;;, and for the variance of the energy we deduce
that V,=V(&,t). To obtain a realization of the proceps), i.e., to carry out a simulation, we
simply choose a value fdf in accordance with the given probability law, and thenBetun its
course.

The fact that(20) is indeed a reduction process can be verified directly as follows. Suppose,
in a particular realization of the procebl, the random variablél takes the valué; for some
choice of the indey. Writing w;;=E;—E; and setingé;= oE;t+ B;, we obtain

WjEj—’_Ei(#:j)WiEi eXp(a'wijBt—%(rzwizjt)

H t= ’ (34)

2
7TJ+E|(¢J)7T| eXp(O'(,()ijBt_%(Tz(l)ijt)

for the corresponding realization f,. However, the exponential martingaié;;; defined fori
#] by

Mijt=exp(0'wijBt—%0'2a)i2]~t) (35)
that appears in expressidd4) has the property

t—oo

Given that

_7TjEj+2i(¢j)7TiEiMijt
i+ Zic2)) TiMije

, (37)

t

we see thaH, converges to the valug; with probability one. A similar argument shows that if
H=E;, then for each value dfwe have lim_.., IT;;=0 unless =j, which allows us to verify that
|¢//t)4converges to the lders state corresponding to the energy eigenvluaith probability
one:

Therefore, we see that the random variallean be identified with the terminal vald¢, of
the energy process. The fact thhis notf:’v—measurable for<o indicates that the “true value”
of H is “hidden” until the reduction process is complete. On a related point we note that in
stochastic models for state reduction it is sometimes assumed that the driving piMcisss
some way “external” to the quantum system. This assumption, however, is unnecessary: the
filtrations associated witkV,, &, H, and| ;) all coincide, and it is thus consistent to regard the
innovation proces®V; as being endogenous.

The advantage of expressiof2d) and(33) from a computational point of view is that; and
| i) are expressedlgebraicallyin terms of the underlying random varialtteand the Brownian
motion B, . These quantities can be thought of as representing indepestdémtvariabledor the
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reduction dynamics. As a consequence, we are able to investigate properties of the (rpcess
directly without having to resort to numerical integration. In particular, by ug83f a numerical
simulation of the state reduction of complex systems is feasible, including cases for which the
Hamiltonian has a nondiscrete spectrum. It should be emphasized that in our simulation method-
ology there is no need at any stage for the introduction of a change of probability measure.

In conclusion we present a probabilistic analysis of the timescale associated with the reduction
process, in the case of a two-state system with eneBjjeand E,. The initial state is given by
| o), and the transition probabilities to the energy eigenst&egsand|E,) are given byr, and
).

Suppose a measurement of the energy is made, and we condition on the outcome of the
measurement being, . In that case, according {87), we have

7B+ m7EsM
- 1E1+ ok, 21t, (39
71+ moMoy
where
M,y =exp(ow,,B— 302wiit). (39

Writing 8= %azwgl for the parameter that determines the characteristic rate of reduction, we can
work out the probability thail ,;,<e™" for some value ofi. SinceB; is normally distributed with
zero mean and variand¢ewe find

P(May<e™"=N((B)"*=n(Bt) "), (40

where N(x) is the standard normal distribution function. Therefore, for example, we see that
providedt>57g, we have

P(M,y<e 19>1 (42

whererg=1/8. In particular, aH; draws neaiE; we have the relation

)
Hi—E;~—(E;—E1)Mpy. (42

T

Thus, after only a relatively few multiples of the characteristic reduction timescale, the amount by
which H, differs from E; will with high probability be reduced to a tiny fraction of the energy
differenceE,—E;.
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