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The energy-based stochastic extension of the Schro¨dinger equation is a rather spe-
cial nonlinear stochastic differential equation on Hilbert space, involving a single
free parameter, that has been shown to be very useful for modeling the phenom-
enon of quantum state reduction. Here we construct a general closed form solution
to this equation, for any given initial condition, in terms of a random variable
representing the terminal value of the energy and an independent Brownian motion.
The solution is essentially algebraic in character, involving no integration, and is
thus suitable as a basis for efficient simulation studies of state reduction in complex
systems. ©2002 American Institute of Physics.@DOI: 10.1063/1.1512975#

The standard energy-based stochastic extension of the Schro¨dinger equation is given by the
following stochastic differential equation:

duc t&52 iĤuc t&dt2 1
8 s2~Ĥ2Ht!

2uc t&dt1 1
2s~Ĥ2Ht!uc t&dWt , ~1!

with initial condition uc0&. Hereuc t& is the state vector at timet, Ĥ is the Hamiltonian operator
Wt denotes a one-dimensional Brownian motion, and

Ht5
^c tuĤuc t&

^c tuc t&
~2!

is the expectation ofĤ in the state uc t&. The parameters, which has the unitss
;@energy#21@ time#21/2, governs the characteristic timescaletR associated with the collapse o
the wave function induced by~1!. This is given bytR51/s2V0 , whereV0 is the initial value of
the squared energy uncertainty, which at timet is

Vt5
^c tu~Ĥ2Ht!

2uc t&

^c tuc t&
. ~3!

The stochastic equation~1! is perhaps the simplest known dynamic model for state reduc
in quantum mechanics consistent with both the Born probability rules and the principle of e
conservation. Although the mathematical and phenomenological properties of~1! have been stud-
ied extensively,1–4 it has hitherto been necessary to resort to numerical methods to solve dy
cal equations of this type,5 and exact solutions have been unavailable except in very simple c
The purpose of this article is to present a general analytic solution for the dynamics ofuc t&.

We begin with a brief overview of the stochastic framework implicit in the extended Sc¨-
dinger dynamics given by Eq.~1!, following a line of argument developed in Ref. 4. Specifical
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we introduce the key notions of filtration, conditional expectation, martingale, and superm
gale, and show how these concepts can be used effectively to characterize the reductive pr
of ~1!. We then proceed to establish, by novel use of anonlinear filtering technique, that the
energy expectation process~2! can be expressed as the conditional expectation of a ran
variable representing the terminal value of the energy. As a consequence, we are led to
analytic expressions for the energy~20! and the state vector~33! in terms of a pair of independen
state variables. These results open up the possibility of efficiently simulating the reduction p
for a variety of models. Finally, we illustrate the practical advantages of our method by anal
the timescale associated with the reduction process in the case of a two-state system.

The dynamics ofuc t& are defined on a probability space~V, F, P! with filtration $Ft% (0
<t,`). Here V is the sample space over whichF is a s-field of open sets upon which th
probability measureP is defined.

The filtration determines for eacht>0 the information available at that time. More speci
cally, the filtration consists of a family$Ft% of s-subfields ofF such thats<t implies Fs,Ft .
Given a random variableX on ~V, F, P!, we writeE@XuFt# for the conditional expectationof X
with respect to thes-subfieldFt,F. Intuitively, conditioning with respect toFt means giving all
the information available up to timet. The nestingFs,Ft for s<t thus embodies a notion o
causality. For convenience, we use the abbreviationEt@X#5E@XuFt#, and we note that the con
ditional expectation satisfies the tower propertyEs@Et@X##5Es@X# for s<t. If Et@X#5X, we say
that X is Ft-measurable.

The conditional expectation operation allows us to introduce the concept of a martinga
stochastic analog of a conserved quantity. A processXt is said to be an$Ft%-martingale if
E@ uXtu#,` andEs@Xt#5Xs for all 0<s<t,`. In other words,Xt is an $Ft%-martingale if it is
integrable and if its conditional expectation, given information up to times, is the valueXs of the
process at that time.

For a concise mathematical representation of the state reduction process, we also req
concept of a supermartingale. A processXt is an $Ft%-supermartingaleif E@ uXtu#,` and
Es@Xt#<Xs for all 0<s<t,`. Intuitively, a supermartingale is on average a nonincreasing
cess.

The filtration $Ft% with respect to which the state vectoruc t& evolves is generated in
standard way by the Wiener processWt . We signify this by writing$Ft%5$Ft

W%. It is straight-
forward to verify that the energy processHt is an$Ft

W%-martingale, and that the variance proce
Vt is an$Ft

W%-supermartingale. That is to say,

Es@Ht#5Hs , ~4!

and

Es@Vt#<Vs . ~5!

These relations can be deduced by applying Ito’s lemma to~2! and~3!, from which we infer that

dHt5sVtdWt , ~6!

and that

dVt52s2Vt
2dt1sb tdWt , ~7!

where

b t5
^c tu~Ĥ2Ht!

3uc t&

^c tuc t&
~8!

is theskewnessof the energy distribution at timet. The fact that~6! has no drift shows thatHt is
a martingale, and the fact that the drift in~7! is negative shows thatVt is a supermartingale.
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In the case of the ordinary Schro¨dinger equation with a time-independent Hamiltonian,
energy process~2! is constant. This is usually interpreted as the quantum mechanical express
an energy conservation law. However, if a system is in an indefinite state of energy, then it
immediately evident what is meant by energy conservation. The martingale conditionEs@Ht#
5Hs can be interpreted as ageneralized energy conservation lawapplicable if a system is in an
indefinite state of energy. In particular, it implies that once state reduction has occurre
probabilistic average of the outcome for the energy must equal the initial expectation.

The supermartingale property satisfied byVt is the essence of what is meant by areduction
process. In fact, it follows from Eq.~7! that the asymptotic behavior ofVt is given by

lim
t→`

E@Vt#50, ~9!

which signifies the collapse of the wave function. A positive supermartingale with the pro
that its expectation vanishes in the limit ast goes to infinity is called apotentialprocess. Writing
H` for the random terminal value of the energy, one can then prove as a consequence of~6! and
~7! that

Ht5Et@H`# ~10!

and that

Vt5Et@~H`2Ht!
2#. ~11!

That is to say, the processesHt andVt are respectively theFt
W-conditional mean and variance o

H` .
With these facts in hand, we now present a method for solving the stochastic equation~1!. Our

approach is based on the theory of nonlinear filtering.6 Filtering techniques have been shown to
useful in quantum optics in connection with the theory of continuous observations, and in
situations phenomenological equations similar to~1! for the a posterioridynamics of a continu-
ously observed system can be derived.7 We shall, however, regard the dynamics ofuc t& as being
given, and use the filtering methodology with a different end in view: namely, to construc
solutionof ~1!.

The setup is as follows. We denote byEi ( i 51,2,...) the eigenvalues of the Hamiltonian of
given quantum system, and write

p i5
u^c0uc i&u2

^c0uc0&^c i uc i&
~12!

for the transition probability from the given initial stateuc0& to the eigenstateuc i& with energyEi .
If the spectrum ofĤ is degenerate, thenuc i& denotes the Lu¨ders state, i.e., the projection ofuc0&
onto the linear subspace of states corresponding to the eigenvalueEi .

Now let the probability space~V, F, P! be given, and on it specify a random variableH that
takes the valuesEi with probabilitiesp i . We assume that~V, F, P! comes equipped with a
filtration $Gt% with respect to which a standard Brownian motionBt is specified, and thatH andBt

are independent. We assign noa priori physical significance toH andBt , which are introduced
here simply as an ansatz for obtaining a solution for~1!. Next we define the process

j t5sHt1Bt . ~13!

Intuitively, we can think ofj t as giving us a ‘‘noisy’’ representation of the information encoded
the random variableH.

We let $Ft
j% denote the filtration generated by the processj t , i.e., the information generate

by j t as time progresses, and consider the conditional expectation
 24 Oct 2002 to 155.198.17.120. Redistribution subject to AIP license or copyright, see http://ojps.aip.org/jmp/jmpcr.jsp
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Ht5E@HuFt
j#. ~14!

Clearly,Ft
j,Gt since knowledge ofH together with the path$Bs%0<s<t implies knowledge of the

path$js%0<s<t , although the converse is not the case.
It follows from the tower property thatHt is an $Ft

j%-martingale. One can think ofHt as
representing an estimate for the value ofH given the history of the processjs from time 0 up to
time t. More precisely, an$Ft

j%-measurable random variableHt minimizes the expectation of th
squared deviation ofH from Ht , given the history ofjs from time 0 to timet, if and only if ~14!
holds. This can be seen by varying the expressionE@(H2Ht)

2uFt
j# with respect toHt .

We shall now establish the remarkable fact that theprocess Ht defined by (14) is statistically
indistinguishable from the energy process (2) associated with the stochastic extension
Schrödinger equation (1).

The argument goes as follows. First, becausej t is a Markov process satisfying

lim
t→`

t21j t5sH, ~15!

we can replace~14! with the simpler relationHt5E@Huj t#. In other words, to determine th
conditional expectation ofH given the path$js%0<s<t , it suffices to condition on the valuej t of
the process at the end of the path.

To calculateE@Huj t#, we require a version of the Bayes formula applicable when we cons
the probability of a discrete random variable conditioned on the value of a continuous ra
variable. This is given by

P~H5Ei uj t!5
p ir~j tuH5Ei !

( ip ir~j tuH5Ei !
, ~16!

where

p i5P~H5Ei !. ~17!

Herer(j tuH5Ei) denotes the conditional probability density for the continuous random vari
j t given thatH5Ei . SinceBt is a standard Brownian motion, the conditional density forj t is

r~j tuH5Ei !5
1

A2pt
expS 2

1

2t
~j t2sEit !

2D . ~18!

It follows from the Bayes law~16! that the conditional probability for the random variableH is

P~H5Ei uj t!5
p i exp~sEij t2

1
2s

2Ei
2t !

( ip i exp~sEij t2
1
2s

2Ei
2t !

. ~19!

Therefore, multiplying each side of~19! by Ei and summing overi, we deduce that the conditiona
expectation of the random variableH given j t is

Ht5
( ip iEi exp~sEij t2

1
2s

2Ei
2t !

( ip i exp~sEij t2
1
2s

2Ei
2t !

. ~20!

In order to show thatHt is the energy process associated with~1!, one further key result is
required: namely, thatthe process Wt defined by

Wt5j t2sE
0

t

Hs ds ~21!
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is an $Ft
j%-Brownian motion. To verify this, it suffices, by virtue of Le´vy’s characterization of

Brownian motion,6 to demonstrate~a! that (dWt)
25dt and ~b! that Wt is an$Ft

j%-martingale. To
verify ~a! we note that~13! implies

dj t5sHdt1dBt , ~22!

and thus (dj t)
25dt. On the other hand,~21! implies that dWt5dj t2sHtdt, and hence (dWt)

2

5(dj t)
2. To establish~b!, let ~20! define a functionH(j,t) of two variables such thatHt

5H(j t ,t):

H~j,t !5
( ip iEi exp~sEij2 1

2s
2Ei

2t !

( ip i exp~sEij2 1
2s

2Ei
2t !

. ~23!

Then applying Ito’s lemma and using the relation (dj t)
25dt, we obtain

dHt5~] tH~j t ,t !1 1
2]j

2H~j t ,t !!dt1]jH~j t ,t !dj t , ~24!

where] tH(j t ,t) denotes]H(j,t)/]t valued atj5j t , and so on. A calculation making use o
~21!, ~23!, and~24! then shows that

dHt5sV~j t ,t !dWt , ~25!

where the functionV(j,t) is

V~j,t !5
( ip i~Ei2H~j,t !!2 exp~sEij2 1

2s
2Ei

2t !

( ip i exp~sEij2 1
2s

2Ei
2t !

. ~26!

BecauseHt is an $Ft
j%-martingale, we conclude thatWt is also an$Ft

j%-martingale, and that
establishes~b!. We thus deduce thatWt is an$Ft

j%-Brownian motion, with respect to whichj t is
a diffusion process satisfying

dj t5sH~j t ,t !dt1dWt . ~27!

Now let uc0& be the initial normalized state vector of the quantum system, and letP̂i denote
for each value ofi the projection operator onto the Hilbert subspace corresponding to the e
eigenvalueEi . We let

uc i&5p i
21/2P̂i uc0& ~28!

denote the Lu¨ders state corresponding toEi , and write

P i t5P~H5Ei uj t! ~29!

for the process defined by~19!. Then we can establish our main result, that

uc t&5(
i

e2 iEi tP i t
1/2uc i& ~30!

satisfies the stochastic extension of the Schro¨dinger equation~1! with the given initial condition.
In particular, by applying Ito’s lemma to~19! and using~27! we obtain

dP i t5s~Ei2Ht!P i tdWt . ~31!

With another application of Ito’s lemma we deduce that
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dP i t
1/252 1

8s
2~Ei2Ht!

2P i t
1/2dt1 1

2s~Ei2Ht!P i t
1/2dWt . ~32!

A short calculation then shows that~30! satisfies the stochastic equation~1!, and that the expec
tation of the operatorĤ in the stateuc t& is the process~20!.

In summary, the stochastic equation~1! can be solved as follows. We letH be a random
variable taking the valuesEi with the probabilitiesp i defined by~12!. Letting Bt denote an
independent Brownian motion, we definej t as in ~13!. The solution of~1! is then given by

uc t&5
( iAp i exp~2 iEit1

1
2sEij t2

1
4s

2Ei
2t !uc i&

~( ip i exp~sEij t2
1
2s

2Ei
2t !!1/2

, ~33!

where the$Ft
j%-Brownian motionWt driving uc t& in ~1! is given by~21!. Expression~20! for Ht

follows at once from~33! since^c i uĤuc j&5Eid i j , and for the variance of the energy we dedu
that Vt5V(j t ,t). To obtain a realization of the processuc t&, i.e., to carry out a simulation, we
simply choose a value forH in accordance with the given probability law, and then letBt run its
course.

The fact that~20! is indeed a reduction process can be verified directly as follows. Supp
in a particular realization of the processHt , the random variableH takes the valueEj for some
choice of the indexj. Writing v i j 5Ei2Ej and setingj t5sEjt1Bt , we obtain

Ht5
p jEj1( i ~Þ j !p iEi exp~sv i j Bt2

1
2s

2v i j
2 t !

p j1( i ~Þ j !p i exp~sv i j Bt2
1
2s

2v i j
2 t !

, ~34!

for the corresponding realization ofHt . However, the exponential martingaleMi jt defined fori
Þ j by

Mi jt 5exp~sv i j Bt2
1
2s

2v i j
2 t ! ~35!

that appears in expression~34! has the property

lim
t→`

P~Mi jt .0!50. ~36!

Given that

Ht5
p jEj1( i ~Þ j !p iEiM i jt

p j1( i ~Þ j !p iM i jt
, ~37!

we see thatHt converges to the valueEj with probability one. A similar argument shows that
H5Ej , then for each value ofi we have limt→` P i t50 unlessi 5 j , which allows us to verify that
uc t& converges to the Lu¨ders state corresponding to the energy eigenvalueEj with probability
one.4

Therefore, we see that the random variableH can be identified with the terminal valueH` of
the energy process. The fact thatH is notFt

W-measurable fort,` indicates that the ‘‘true value’’
of H is ‘‘hidden’’ until the reduction process is complete. On a related point we note tha
stochastic models for state reduction it is sometimes assumed that the driving processWt is in
some way ‘‘external’’ to the quantum system. This assumption, however, is unnecessar
filtrations associated withWt , j t , Ht , anduc t& all coincide, and it is thus consistent to regard t
innovation processWt as being endogenous.

The advantage of expressions~20! and~33! from a computational point of view is thatHt and
uc t& are expressedalgebraically in terms of the underlying random variableH and the Brownian
motionBt . These quantities can be thought of as representing independentstate variablesfor the
 24 Oct 2002 to 155.198.17.120. Redistribution subject to AIP license or copyright, see http://ojps.aip.org/jmp/jmpcr.jsp
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reduction dynamics. As a consequence, we are able to investigate properties of the proc~1!
directly without having to resort to numerical integration. In particular, by use of~33!, a numerical
simulation of the state reduction of complex systems is feasible, including cases for whic
Hamiltonian has a nondiscrete spectrum. It should be emphasized that in our simulation m
ology there is no need at any stage for the introduction of a change of probability measure

In conclusion we present a probabilistic analysis of the timescale associated with the red
process, in the case of a two-state system with energiesE1 andE2 . The initial state is given by
uc0&, and the transition probabilities to the energy eigenstatesuE1& anduE2& are given byp1 and
p2 .

Suppose a measurement of the energy is made, and we condition on the outcome
measurement beingE1 . In that case, according to~37!, we have

Ht5
p1E11p2E2M21t

p11p2M21t
, ~38!

where

M21t5exp~sv21Bt2
1
2s

2v21
2 t !. ~39!

Writing b5 1
4s

2v21
2 for the parameter that determines the characteristic rate of reduction, w

work out the probability thatM21t,e2n for some value ofn. SinceBt is normally distributed with
zero mean and variancet, we find

P~M21t,e2n!5N~~bt !1/22 1
2n~bt !21/2!, ~40!

where N(x) is the standard normal distribution function. Therefore, for example, we see
providedt.5tR , we have

P~M21t,e210!. 1
2, ~41!

wheretR51/b. In particular, asHt draws nearE1 we have the relation

Ht2E1;
p2

p1
~E22E1!M21t . ~42!

Thus, after only a relatively few multiples of the characteristic reduction timescale, the amou
which Ht differs from E1 will with high probability be reduced to a tiny fraction of the energ
differenceE22E1 .
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