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1. General requirements for asset pricing models

The aim of this presentation is to lay out the foundations for a unified theory of interest rate
dynamics and stochastic volatility.

For this we need a class of flexible pricing models that can be adapted to various differ-
ent categories of financial instruments.

We do not wish to assume that the market is complete, or that positions in derivatives
are necessarily hedgeable.

We want a framework that is equally applicable both to (a) derivatives pricing and hedging
problems, and to (b) general risk management problems.

For this reason, we shall always stick with the “real” probability measure. Other measures
can be introduced when necessary for solving particular problems.

2. The axiomatic approach

Given these criteria, for many purposes the most effective way forward is the use of the
so-called “pricing kernel” method.

According to this method, the absence of arbitrage in financial markets is represented by the
existence of a universal “pricing kernel” that establishes the intertemporal relations between
asset, prices.

We shall adopt an axiomatic approach.

The setup is as follows.

We model the financial markets with the specification of a fixed probability space (2, F,P)
which we denote as II.

We assume that II is equipped with the standard augmented filtration & = (F;) gener-
ated by a system of one or more independent Wiener processes W (o = 1,--- k) over an

infinite time horizon.

We assume that the random trajectories followed by asset prices are continuous semimartin-
gales on II.

The absence of arbitrage in the resulting models will be characterised according to the
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following axiomatic scheme:

We assume the existence of a pricing kernel m;, satisfying 7; > 0, such that:

(A1) There exists an absolutely continuous, strictly increasing “risk-free” asset B; (the
money-market account).

(A2) If S; is the price-process of any asset, and D, is the associated continuous dividend
rate, then the process M; defined by

¢
M, = m,S; +/ meDgyds (1)
0

is a martingale.

(A3) There exists an asset (a floating rate note) that offers a continuous dividend rate
sufficient to ensure that the value of the asset remains constant.

(A4) A system of discount bonds Py exists for all 0 < ¢ < T < oo satisfying limy_.., P,y = 0.

It turns out that this simple system of axioms is sufficient to allow us to develop a very
general framework for interest rate modelling.

At the same time, we gain some new insights into the nature of stochastic volatility.

3. Dynamical equations for risky assets

First, let’s see how various familiar results concerning the dynamics of assets can be recon-
structed from the axiomatic scheme.

Since By is strictly increasing and absolutely continuous, there exists an adapted short rate

process r; > 0 such that
t
B, = Byexp (/ rsds>. (2)
0

Because the money market account is non-dividend-paying, it follows from (A1) and (A2)
that there exists a martingale p; such that

7TtBt = Pt- (3)
Since p; is positive, there exists an adapted vector-valued process A; such that

dpt = _Pt)\tth' (4)



Axiom (A2) implies, in the case of a risky asset that pays no dividend, that S; can be written

in the form
B, M,
St = et (5)
Pt

where M, is a martingale.

Then if we write dM; = 6,dW, it is easy to verify that

dSy = (r¢Sy + Ay dt + 1 dWs, (6)
where 1), is defined by
B0
U = pt L+ AiSh (7)
t

Thus 1)y is the “absolute” volatility of .S;.

If S; is positive, then we can write v, = 0,5;, and the dynamical equation satisfied by
S; can be written

ds
?t = (Tt + )\tO't)dt + Otth- (8)
t
It is thus evident that A is the market risk premium, and we recognise (8) as the dynamics

of a risky asset with limited liability in a market with no arbitrage.

4. Risky assets with dividends

In the case of a dividend paying asset these formulae need to be modified slightly, and as a
consequence of (A2) we obtain

dSy = (1St — Dy + Mapy)dt + Y dW,. 9)

If S; is positive we can introduce a proportional dividend rate f; by the relation D, = f,.5;,
and we obtain
dS;
S
where o, is defined by ¢; = 0,.5;.

= (Tt - ft + )\tUt)dt + O'tth, (10)

This shows how we obtain the dynamics of a dividend or interest paying asset with lim-
ited liability.

For example, if S; is the price of a foreign currency, then f; corresponds to the overnight
rate for that currency.



5. Price processes for discount bonds

To proceed further we introduce a system of discount bonds. Let us write P, for the price
of a T-maturity bond at time t. We require Prr = 1 for all T'.

Since discount bonds are non-dividend-paying, it follows from axiom (A2) that m P is
a martingale. Therefore there exists a family of martingales M;r such that

B M,
Pt = t tT' (11)
Pt
Since M;r is a positive martingale for each 7', there exists a process {27 such that
dM,
M:TT = (QtT - )\t)th (12)
The dynamical equations of the discount bond system are then given by
dP,
PtT = (1 + MNQup)dt + Qupd W (13)
T

Thus we recognise {2 as the discount bond volatility process.

6. The volatility structure approach

If we make use of the relation P,; = 1, we can integrate the dynamical equations of the
discount bond system to deduce that

exp (fy AsQords + [y QurdW, = & [ 02ds)

Pir = Por . ; : : (14)
exp (fy AeSuds + fi QudWVy = 3 [ 024ds)
The money market account is then given by
B, = Bo (15)

t t t '
Py exp ( JEAQuds + [ QudW, — L [ Qgtds>
Here Pyr = Por/ Py denotes the t-forward price made at time 0 for a T-maturity bond.
An interesting feature of these expressions is that the discount bond system and the money
market account can be represented in terms of the risk premium \; and the volatility 7,
together with the initial discount function Py, without reference to the short rate r;.

We may thus regard A\; and ;7 as being subject to an exogenous specification.

Historically this observation forms the basis of the approach to interest rate derivatives
pricing widely used in practice according to which one models the volatility structure.
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7. The bond pricing formula

Because the discount bonds pay no dividend, it follows from (A2) that the martingale relation
TP = Ky [WuPuT] (16)
holdsforall 0 <t <u <T < 0.
Here E;[—] denotes conditional expectation with respect to F;.
In particular, setting ©w = T we obtain the so-called bond pricing formula
Pr = %Et [77] . (17)

t

Thus if IT supports a discount bond system, then (A1) and (A2) imply that P takes this
form.

On the other hand, it follows from (A1) and (A2) that E[m;] < oo for all ¢ € [0, 00).

This, together with the fact that m; > 0, ensures the existence of the conditional expec-
tation E,[mr] for 0 <t <T < 0o, and hence the existence of a discount bond system.

8. Relation to the HJIM framework

We note that 7, = p;/B;.

Since B; is F;-measurable and increasing, we deduce that E;[rp] < m;, and thus we see
that 7, is a supermartingale.

It follows then from the bond pricing formula that P, < 1 for all ¢t < T'.
Next we observe that axiom (A3) implies that the following process is a martingale:
t
Ny =m + / rsmeds. (18)
0

This follows from the fact that the value of a perpetual floating rate note is constant, and
that the dividend is the short rate.

The resulting martingale relation allows us to deduce that

1 T
Pr=1—- —FE, {/ Tsﬂsds] ) (19)
t

T
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Equation (19) says that ownership of a T-maturity discount bond is equivalent to ownership
of one unit of the floating rate note, but without the right to the dividend flow of the floating
rate note from time ¢ to time 7'

It follows that for any two maturity dates T} and T> we have

Ts
/ 7‘871'st:| . (20)
T

Therefore if T > T3, we infer that Py, < Ppy, and hence the positivity of forward rates.

1
PtTl_PtTQIﬂ_—]Et|:
t

A variant of this relation follows if we use Fubini’s theorem to obtain

1 /7T
Pr=1-— —/ Ey [rsms] ds, (21)
7Tt t

which shows that the discount bond system is differentiable in the maturity date.

Writing fir = —07 In Py for the instantaneous forward rate system we conclude that
E; |[rrm
faPr = ——— [WT T]- (22)
t

This relation shows that the instantaneous forward rate f;r can be interpreted as the value,
at t, future-valued to T', of the contingent claim that pays r7 at T" on a unit principal.

The significance of the existence of the instantaneous forward rates is that the class of
interest rate models under consideration here is equivalent to the family of all models of the
HJM type defined over the given time horizon, in a general (incomplete) market setting,
with positive interest.

9. Asymptotic conditions on the discount bond system
Now we bring axiom (A4) into play and assume that

lim Py = 0. (23)

It follows immediately that

T
m = lim E, {/ 7‘57T5d8:| . (24)
t

T—o00



Since the process N, is a positive martingale, the martingale convergence theorem implies
the existence of a random variable A, = fooo rsmsds to which the process

t
At:/ remeds (25)
0

converges, almost surely, in the limit ¢ — oo, with the property that

E [ /0 h msds] < oo. (26)

It then follows by the conditional form of the monotone convergence theorem that

T T
lim F, { / Tsﬁsds} = F; [lim / Tsﬂsds] (27)
T—oo ¢ T—o00 ¢

m= | [ s (25)

This very useful relation says that a floating rate note paying the rate r; on a unit principal
in perpetuity has the value unity.

and hence that

An alternative expression for m; that follows immediately from (28) is given by
We see therefore that our axioms imply that the pricing kernel is necessarily of this form.

Conversely, if 7, is of this form, then one can show that axioms (A1l)—(A4) are satisfied.

In particular, we can show that the money market account, the floating rate note, and
the discount bond system all exist, and satisfy the axioms.

10. Conditional variance representation for m;
Now let 7, be a vector process satisfying
77t2 = T¢Tt. (30)

Then we can define a random variable X, by the formula
X, = / DoV, (31)
0
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The existence of X, is guaranteed by virtue of axiom (A3) which implies

E/ 7 Meds
LJo

It follows immediately then by virtue of the Ito isometry that

< 00. (32)

T = Ky / ngds}
t

()

- &, ( | naw- | tndes)Ql. (33)

However, because

B ] - | IV (34)

we deduce that
T =By [(Xoo — E¢ [Xo))?] (35)

which we recognise as the conditional variance of X, with respect to the o-algebra F;.

11. Calibration of interest rate models by Wiener chaos
coefficients

It follows from the foregoing analysis that we have a map from the set of all arbitrage-
free positive interest rate models to the space of square-integrable random variables on the
Wiener space I1I.

This space has a very rich natural structure that can be exploited in the analysis of the
associated interest rate systems.

The key point is that we can represent X, and therefore characterise the corresponding
interest rate system, by use of a Wiener chaos expansion.

In particular, X, can be expanded in a unique way in a series of the form
Xoo = / ¢des + / / ¢ssldWsldWs +---, (36)
0 o Jo
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where the integrands here are deterministic tensor-valued functions.

The different interest rate models thus arising from the specification of X, are nested in a
natural way.

We shall call an interest rate model that only contains terms up to order n in the ex-
pansion of X, an n'-order chaos model.

The n'"-order chaos models are contained as a subset of the m'"-order chaos models, for
all n < m.

The inputs of such models are the deterministic functions ¢s, ¢ss,, Pssys,, and so on, which
we call the chaos coefficients.

It follows that interest rate models can be classified according to their chaos structure.

12. Foreign exchange systems
The modelling framework described here generalises in a natural way to the situation where

we also include a foreign exchange system, with a family of discount bonds associated with
each currency.

In particular, a chaos representation exists for the dynamics of the entirety of such a system
of interest rates and foreign exchange.

The resulting chaos coefficients parametrise both the interest rate models as well as the
volatility structures of the exchange rate system.

Let us write S:j for the price of one unit of currency ¢ in units of currency j, where
1,7 =0,1,--- | N.

We may for convenience think of the label i = 0 as referring to the currency with respect to
which the axioms (A1)—(A4) are formulated.

For each currency we assume that there exists a strictly increasing money-market asset
B{, with a corresponding strictly positive short rate process r¢ such that

t
B! = Bl exp (/ Tids). (37)
0

We also require the existence of a floating rate note in each currency.
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That is to say, for each value of i we assume the existence of an asset of constant value
in units of currency i, paying a dividend at the rate r}.

If we write S° for the value of one unit of currency 7 in units of the base currency, we
see that the product S B! represents the base-currency price of a non-dividend-paying asset.

Therefore, by Axiom 2 we deduce for each value of i that mS{°B; is a martingale, from
which it follows that m;S/ is a supermartingale.

Thus if we define m; = m.S;° to be the pricing kernel associated with currency 4, then
from the cyclic relation S7S?” = 5% we deduce that

7

S =L (38)
This gives us a general expression for the exchange-rate process as a ratio of pricing kernels.

As a consequence we find that the dynamics of Sfj are given by

dsy
Sy

= [r] =i+ N (N = )] dt + (N — X)) .. (39)

Here \! denotes the market price of risk process associated with assets that are denominated
in currency 1.

Thus we see that the axiomatic scheme, when extended to include a money market ac-
count and a floating rate note for each foreign currency, is sufficient to generate the general

foreign exchange dynamics between the currencies.

Consider now the discount bond system for foreign currency number i, and denote by PY
the value at time t of a bond that pays one unit of currency ¢ at time 7.

In this case S°P/. is the price in base currency of an asset that pays no dividend, and
therefore m,S° P is a martingale by Axiom 2.

It follows then by use of the martingale relation that each foreign bond system admits a
representation of the form
Pl =~ (40)

To proceed further we make the assumption that limr_.., P} = 0 for all 7.
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Then a conditional variance representation exists for the pricing kernel associated with each
currency.

In other words, there exists a system of random variables X' (i = 0,1,---, N), belong-
ing to L*(), F,P), such that

i i i 1)2
ni =K, [(XOO — B, [X1]) ] .. (41)
Each of these random variables admits a chaos representation.

Thus, once the random variables X! have been specified for i = 0,1,--- , N then the entire
system of interest rates and foreign exchange is completely determined.

13. Stochastic volatility models for general assets

The line of reasoning presented in the previous section can be extended to characterise the
price of any asset in terms of another, providing that these prices are always positive and
that we interpret the associated short-rate systems as continuous dividend streams.

As a consequence we infer that the “generic” model for an asset price is a process of the
form

~ Var, Yoo

= Van (X

(42)

In other words, the price S; is given by a ratio of conditional variances, where X, and Y
are elements of the Hilbert space L*(2, F,P).

It follows that the volatility of S; is naturally ‘parameterised’ by the chaos coefficients of the
random variables X, and Y.

We are thus led in this way to a natural family of nested stochastic volatility models for
the dynamics of general assets.

One of the appealing features of such a scheme is the way in which it opens up the possibility
of a consistent, unified approach to stochastic volatility modelling and interest rate modelling.

It remains to be seen whether empirical studies will support the conclusion that the Wiener

chaos coefficients do indeed represent the appropriate functional degrees of freedom necessary
for conditioning such models on the available market data.
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14. Geometric Brownian motion and beyond

In conclusion, we shall generate the well-known Black-Scholes geometric Brownian motion
process, which can be seen to arise in a natural way in the present context.

This is of course not a new asset price model as such, but it makes the point that fa-
miliar material can be recovered in the present framework, if so desired.

Indeed, by seeing an established idea in a new context, we actually learn something new
about it as well.

For the Black-Scholes economy we have a constant interest rate r and a constant mar-
ket price of risk A.

The dynamical equation for the pricing kernel reads
dry = —rmdt — AmdWy. (43)
The solution to this equation is
Ty = o €xXp (—Tt — AW, — %)\Qt) ) (44)

The associated random variable X is given by
Xoo = / \/Ttﬂ'tth
0

_ / exp (—Lrt — AW, — 1X%) W, (45)
0
It is an exercise to check that
mo=E [X2] — (B [Xo))?. (46)
Now we introduce a second pricing kernel ¢/, based on the same Brownian motion, satisfying

dipy = — fihydt — ~yihdW,. (47)

This process can be interpreted as the pricing kernel appropriate for use when the risky asset
S; is taken to be numeraire.

Then f is the dividend rate or foreign interest rate associated with S;, and v is the as-
sociated market price of risk for assets priced in units of S;.

For v; we obtain
by = Poexp (—ft — W, — 37°t). (48)
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For the associated random variable Y., we have
Y. = \/fqpo/ exp (—%ft — %'th — i’yQt) dW,. (49)
0

Finally, for S; we deduce that

Var; [Yoo|

Var, [X o]

U

Tt

Yoexp (—ft — Wy — 37°t)
o €XP (—rt — AW, — %)\225)

St:

= Spexp ((T—f)t—l—)\at—i-O'Wt — %O‘Qt) , (5())
where
50:@, and o=\—1. (51)
o

Thus we recover the standard geometric Brownian motion model for an asset paying divi-
dends at the rate f, where o is the volatility.

The slightly surprising feature that arises here even in the case of the elementary geometric
Brownian motion model is the fact that the asset price process can be expressed as the

quotient of the pricing kernels for two different numeraire systems.

In particular, we note that the volatility of the asset price arises as the difference of the
two risk premiums.

The example above, based on a single Brownian factor, with constant parameters, can be
generalised to encompass significantly wider classes of models.
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