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Abstract

We consider the problem of determining the optimal capacity expansion strategy
that a firm operating within a random economic environment should adopt. We model
market uncertainty by means of a geometric Brownian motion. The objective is to
maximise a performance criterion that involves a general running payoff function and
associates a fixed and a proportional cost with each capacity increase. The resulting
optimisation problem takes the form of a two-dimensional impulse control problem

that we explicitly solve.

1 Introduction

We consider the problem of determining in a dynamical way the optimal capacity level of a
given investment project, the operation of which is associated with random cash flows. In
particular, we consider an investment project that yields payoff at a rate that is dependent
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on its installed capacity level and on an underlying economic indicator such as the price of
or the demand for the project’s unique output commodity, which we model by a geometric
Brownian motion. The project’s capacity level can only be increased, and each capacity
increase is associated with a fixed and a proportional cost. The objective is to determine the
capacity expansion strategy that maximises the resulting expected, discounted payoff flow.
The resulting optimisation problem takes the form of a two-dimensional impulse control
problem that we solve explicitly.

The model studied by Davis, Dempster, Sethi and Vermes [DDSV87] (see also Davis [D93])
is among the first ones to address the issue of optimally determining the timing and the size
of capacity increases that can be associated with the operation of a given investment project
in the presence of random economic fluctuations. Since then, irreversible capacity expansion
models have attracted significant interest in the literature. Important contributions include
Kobila [K93], @ksendal [?00], Wang [W03], Chiarolla and Haussmann [CH05], Bank [B05];
see also the references therein. In these references, capacity increases are associated with
proportional costs only, and result in optimisation problems of singular control type. At this
point, we should observe that capacity expansion models in which the installed capacity level
can be reduced as well as increased, namely, reversible capacity expansion models, have also
attracted interest in the literature (see Abel and Eberly [AE96], Guo and Pham [GP05]).

The chapter is organised as follows. Section 2 is concerned with a rigorous formulation
of the investment decision model that we study. In Section 3, we derive sufficient conditions,
which conform with economic intuition, for the associated optimisation problem to possess a
finite value function, and we establish a number of estimates that we use in our subsequent

analysis. Finally, we solve the optimisation problem considered in Section 4.

2 Problem formulation

We fix a probability space (€2, F, P) equipped with a filtration (F;) satisfying the usual
conditions of right continuity and augmentation by P-negligible sets, and carrying a stan-
dard, one-dimensional (F;)-Brownian motion W. We denote by A the family of all caglad,
(Fi)-adapted, increasing and piecewise constant processes Z such that Zy = 0.

We consider an investment project that produces a given commodity, and we assume that
the project’s capacity, namely its rate of output, can be increased at any given time and
by any amount. We denote by Y; the project’s capacity at time ¢, and we model capacity

increases by jumps of an impulse control process Z € A, i.e. every time Z; jumps, there is



a capacity increase and AZ; = AY; is the size of the jump at time ¢. The capacity process
Y is therefore given by

Yi=y+2, Yo=y>0, (1)

where y > 0 is the project’s initial capacity. Every process Z € A is characterised by the col-
lection Z = (71, T2y« s Ty - - - AZ ,AZ ..., AZ, ,...) where T, is the (F;)-stopping time
at which the n-th jump of Z occurs, while AZ, is the associated jump size. If the project’s
management adopts the capacity expansion strategy modelled by Z, then the project’s ca-
pacity is increased at the times 7,, n > 1, by an amount AY; = AZ; > 0.

We assume that all randomness associated with the project’s operation can be captured
by a state process X that satisfies the SDE

dX, = bX,dt + V20X, dW,, Xo=z >0, (2)

for some constants b and o. In practice, X; can be an economic indicator reflecting, e.g., the
value of one unit of the output commodity or the output commodity’s demand or both, at
time .

To simplify the notation, we define
Sz{(a:,y)G]RQ: z >0, yEO},

so that S is the set of all possible initial conditions. With each decision policy Z we associate

the performance criterion

Joy(Z) = E / e "h(XpYy)dt =Y e T (KAZ+€) Ljazsoy | (3)
0 0<t
where h : § — R is a given function and
r,K,c>0 (4)

are constants. Here, h models the running payoff resulting from the project’s operation, and
K, c provide a proportional and a fixed cost incurred each time that the project’s capacity
level is changed.

As it stands in (3), the performance index J,, is not necessarily well-defined because
the random variable inside the expectation may not be integrable or even well-defined. To

address this issue, we define

T
Ur = / e"h(X, V) dt — Y e (KAZ 4 ¢) 1iaz,0p, for T > 0. (5)
0

0<t<T



In the next section (see Lemma 4, in particular), we are going to impose assumptions on A
such that Ur is well-defined, for all 7" > 0, and either

Uso = lim Uy exists in R, P-as., and Us € L'(Q, F, P), (6)
in which case, we naturally define
Joy(€7,67) = EUx], (7)
as in (3), or there exists an (F;)-adapted process V such that

Ur <Vr, forall T >0, and limsupFE [Vr]= —o0, (8)

T—00

in which case, we define

Jm,y(§+7§_) = —&Q. (9)

The objective is to maximise this performance index over all admissible capacity expan-
sion strategies Z € A. The value function of the resulting optimisation problem is defined
by

v(z,y) = sup Jy,(Z). (10)
ZeA

3 Assumptions and preliminary estimates

The purpose of this section is to establish conditions on the problem’s data under which our
control problem is well-posed and its value function is finite, and to prove certain estimates
that will be used in our analysis. Before we address these issues, we first discuss an ODE
that will play an instrumental role in the solution of the control problem considered.

Let k :]0,00][ — R be any measurable function such that

E [/ e " k(X)) dt} < oo, forall z>0. (11)
0

With reference to Proposition 4.1 of Knudsen, Meister and Zervos [KMZ98]|, the function
R(-; k) :]0,00] — R given by

i [ [ s as e [T ko) (12)

R(z; k) = (n =
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is well-defined and
R(z;k)=FE [/ e k(X)) dt] (13)
0

Moreover, every solution of the ODE

o?r?u" (z) + bau'(z) — ru(z) + k(z) = 0. (14)
can be expressed by
u(z) = Az" + Bx™ + R(zx; k), (15)
for some A, B € R. Here, the constants m < 0 < n are the solutions of the quadratic
equation
X2+ (b—0’)A—r =0, (16)
given by
—(b—0%) £ /(b—02)%+ 402
m,n = 5,2 . (17)
With regard to R(-; k),
if k£ is increasing, then R(-; k) is increasing, (18)
and
i > 1 i k) > 0.
gf)k(z) >0 & ggR(w, k)>0 (19)
For future reference, note that, given A € R,
E [/oo efrtXt/\ dt} — A /Oo 6[02)\2+(b702))\7r]tE o~ O NHHVZOAW | gy
0 0
0, if A\ <mor\>n,
= (20)

-2 02X+ (b— o)X —7r], if A €]m,n|.
We are going to need the following estimate that is related with the definitions above.

Lemma 1 Given any A €]0,n[, there ezist constants 1,9 > 0 such that

242

o°N + &9 _

= et
E2

0'2)\2"{—82 )\
x,

E [e‘”)_(t)‘} <
€2

and F [sup e‘”)_(t)‘} <
>0

where X; = SUPg<y Xs-



Proof. Since n is the positive solution of the quadratic equation (16), it follows that there
exist £1,e9 > 0 such that

r—e; >0 and X+ (b—0?)A—(r—g)) = —&s.

Given such parameters, we define

we calculate

e "X} = e fite (Telgyp exp((r —e1)s — (0°N\° + &2)s + \/ia)\Ws)
s<t

— et sup [exp(_(r —&1)(t — ) exp (_(02/\2 +ée2)s + ﬂoAWS)}

s<t
< x/\efslte\/ﬂa\/\ql,

and we observe that

sup e’”X,f‘ < greVATAY

>0
Since W is exponentially distributed with parameter 2 (0>A? + &5) / (v/2|o|\) (see Karatzas
and Shreve [KS88, Exercise 3.5.9], the two bounds follow by a simple integration. O

The following assumption ensures that the control problem formulated in Section 2 is
well-posed and its value function is finite and identifies with an appropriate solution of the

associated Hamilton-Jacobi-Bellman equation.

Assumption 1 The problem’s data satisfy the following conditions:
(a) The function h is C3, and

he(x,y) > 0, for all y > 0. (21)
If we define
H(z,y) = hy(z,y), (z,y) €S, (22)
then, given any y > 0,
Hy(z,y) >0, for allz > 0, and zlglolo H(z,y) = oo, (23)



and, given any z > 0,

Hy(z,y) <0, for all y > 0. (24)
(b) The constants r, K, C' are strictly positive (see (4)), and there exist constants
a>0, f€]0,1], ¥, €]0,n], 92 €]0, K] and C > 0,

where n > 0 is given by (17), such that

Q np
— 1 2

el s el (25)
—C(1+y) < h(z,y) <CA+2"") +Cr%P? +r(K — )y, forall (z,y)€S. (26)
—C < H(z,y) < BCz%y P £ r(K —09,), forall (z,y) € S. (27)

(c) There exist constants y; > 0 and A such that

K ng
A>— C 28
Sn—al (28)
where «, 3, 95, C are as in (b) above, and

H(z,y) > BAz*y~ A forall z > 0 and y > y;. (29)

(d) Given any y > 0,

/ g ™1 |Hy(s,y)|ds +/ gt |Hy(s,y)| ds < o0.
0 T
]

Some of the conditions appearing in this assumption have a natural economical interpreta-
tion. Indeed, we can think of H(x,y)Ay as the additional running payoff that we are faced
with if we increase the project’s capacity level from y to y+ Ay, for small Ay, and the under-
lying state process X assumes the value z. In view of this observation, (23) reflects the idea
that, given y, a small amount of extra capacity should be associated with increasing values
of additional running payoff as the value of z, which, e.g., models the price of or the demand
for the project’s output commodity, is increasing. Similarly, (24) reflects the fact that, for a
given value x of the underlying state process, the extra running payoff resulting from a small
amount of additional capacity is decreasing as the level of the already installed capacity y

increases. Also, (21) admits a similar, but simpler to express, economical interpretation.
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The rest of the assumptions are of a technical nature. However, some of them cannot be
significantly relaxed without losing the well-posedness of our control problem (see Lemma 3
below). Also, it is worth noting that part (c) of the assumption is rather weak because it
only involves the tail of the function H as y tends to co; indeed, y; can be chosen arbitrarily
large.

Example 1 A choice for the running payoff function h that has been widely considered in
the economics literature is the so-called Cobb-Douglas production function given by

h(z,y) = 2*y®, for some constants o > 0 and 3 €10, 1[. (30)

It is straightforward to verify that this choice for the running payoff function h satisfies
all of our assumptions if and only if the parameters o and 5 appearing in (30) satisfy the
inequality (25). To this end, it suffices to take ¥o = K, C' =1, and any A € }ﬂ 1. O

n—a’

It is a straightforward exercise to show that the bounds in (26)-(27) imply the following
estimates.

Lemma 2 With reference to the notation in (12), let R" RF]l : § — R be the functions
defined by R"(z,y) = R(z;h(-,y)), R (x,y) = R(z; H(-,y)), respectively. The bounds
provided by (26) and (27) in Assumption 1 imply that there exists a constant C; > 0 such
that

—Ci(1+y) < R[h](:v, y) < C4 (1 +y+ v+ :Uayﬂ) , for all (z,y) € S,
—Cy < Rz, y) <Oy (1 + 2%y P, for all (z,y) € S.

A bound such as the one in (26)-(27) is essential for the value function to be finite.

Indeed, we can prove the following result.

Lemma 3 Consider the control problem formulated in Section 2 that arises if the running
payoff function h is the Cobb-Douglas production function defined in Example 1, and suppose
that ﬁ >n>aandr >b. Then, under any well-posed definition of the performance indez

Juy that is consistent with (3), v(z,y) = oo, for every initial condition (z,y) € S.



Proof. Define \ = ";% > 0 and note that the assumption that ﬁ > n implies that A < n.

Consider the capacity expansion strategy defined by
o
. N '
Zy=) 2 U gepiopogy fort>0 =12, (31)
j=1

where X, = sup,<; Xs, and note that the associated capacity level process satisfies

~ 8 . 1B
Y, 1{)@6[27’_171,21'71[} = [y +2 J] 1{)_&6[21'—171,21'—1[}
_ 218
Z [y + (Xt + 1) ] l{XtE[Qj_l_LQj_l[}
> thial{)’(te[2i—1—1,2i—1[}'

With reference to (20), it follows that
E [ / e XY dt]> E| / e XD dt] = 0. (32)
0 0

To proceed further, we define the sequence of stopping times

m=inf{t>0: X; >27},

b—0o? o 1 27
= inf t20:7+—Wt2—1n<—)}, forj=1,2,....
{ V2|a| o] V20| x

Since the process (ﬁ:'Wt, t> 0) is a standard Brownian motion, we can use the result of

Exercise 3.5.10 in Karatzas and Shreve [KS88] and the definition of n > 0 given by (17) to
calculate

el =eo (i/_ﬂ; Rl (%) ks (Z)Vi s 2)

_ (%) (33)




In view of this calculation, we can see that

0

=K(2"-1)+c+E

> [k (20 - 2¥) 4
j=1

<KX 4c+ Y [K(22—1)2Y 4] E[e7]
j=1

_K2)‘—|—c+K 2’\—1 Z(2n A) + cx” Z(2n>

< 00, (34)

the last equality following thanks to (33) and the inequality being true because n — A > 0.

However, combining this result with (32), we can see that

E

/ €_Tth(Xt,f/;) dt — Ze—Tt (KAZt+C) 1{A2t>0}]
0

0<t

is well-defined and infinite, so, Jw,y(Z ) = 00, and the proof is complete. O

We can now prove that our assumptions are sufficient for the optimisation problem con-
sidered to be well-posed and for its value function to be finite.

Lemma 4 Suppose that the running payoff function h satisfies (26) in Assumption 1 and
that (4) is true. Given any initial condition (z,y) € S, (6)—(9) provide a well-posed definition
of the performance criterion Jy,, and the following statements hold true:

(a) Given any capacity expansion strategy Z € A, Jy(Z) € R if and only if

E

/ e Y, dt + Z e "NKAZ; + c)liaz>0y| < o0. (35)
0

0<t

(b) Condition (35) implies
liminfe ™" E [Y7,] = 0. (36)

T—oo

(¢) v(z,y) € R

10



Proof. Fix any initial condition (z,y) € S and any strategy Z € A. Since Z is an increasing

caglad process with Z, = 0, we use the integration by parts formula and (1) to calculate

—-K Z €_TtAZt1{AZt>0} =-K e_rt dZt

0<t<T (0,77
T
=-K |:€_TTZT+ + T'/ C_TtZt dt:|
0
T
= —rK/ e Y, dt — Ke ™Y, + Ky. (37)
0

This inequality and (26) in Assumption 1, imply that the random variables Ur defined by
(5) satisfy

T
Ur < Ky + / e h(X,,Y;) — rKY;] dt
0
T A
< Ky+0/ (1+ Xp=") dt — Vr, (38)
0
where
T
Vi = / et [rﬁm . CXfo] dt, for T > 0.
0
With reference to (20),

Ii(z)=FE [O /0 T (1+ X" dt}

C Czh"
= T Rm )t b= —r S0l (39)

Now, suppose that Z € A is associated with

E [/00 e Y, dt] = o0. (40)

0

With regard to (25) in Assumption 1 and (20), we observe that
L(z) =FE [ / h e X/ 1h) dt] < o0. (41)
0

Therefore, given any constant u > 0,

E [/OOO e_Tthl{Yt@Xg’/“‘B)} dt} < uly(z) < oo. (42)

11



It follows that (40) is true if and only if

E |:/0 eirtY;gl{YtZ“X?/u_e)} dt:| = 00. (43)

Now, fix any g > 0 such that 79, — Cu="=#) > 0, where the constants 9J,,C > 0 and
B €]0,1[ are as in Assumption 1, and note that

T
E |:VT:| > — C/J/BE |:/0 6frtX£1/(1*5)I{Yt<uX?/(1_ﬂ)} dt:|

T
+ (7‘192 — C,uf(lfﬂ)) E [/0 e_rtY;gl{YtZuX?/(pﬂ)} dt:| .

In view of (42)—(43) and the monotone convergence theorem, the right hand side of this
inequality converges to oo, which implies that limp_,, E [VT] = 0o. However, this conclusion,
(38) and (39) imply that there exists a process V such that (8) is satisfied and, therefore,
Joy(Z) = —00.

To proceed further, let us assume that

E [ / e Y, dt] < o0, (44)
0

which is necessary for condition (35) to be satisfied. Since Y is a finite variation process, its
sample paths can have at most countable discontinuities. Using Fubini’s theorem, we can
see that this observation and (44) imply

/ e E[Y,]dt=E [ / e Y, dt} —E [ / ey, dt] < o0,
0 0 0

which proves that (35) implies (36).
Now, using Holder’s inequality, we calculate

o0 o B
E [ / e Xy dt] < I P(z) (E { / e Y, dt]) < 00, (45)
0 0

where Ir(z) is given by (41). This inequality, (39), (44) and the bounds in (26) in Assump-
tion 1 imply

E [/ et |h(Xt,Yt)|dt] <E [/ et [0 (1 X +X,3Yf) (KT - 192)}/,5] dt]
0 0

< 00,

12



which combined with the dominated convergence theorem, implies that

lim E [ /0 ' e " h(X,,Y;) dt] —E [ /0 T e Th(X,, V) dt] eR. (46)

T—00

This observation gives rise to two possibilities. The first one is associated with the inequality

E

Zefrt (KAZt =+ C) I{Azt>0}] < 00.

0<t

In this case, limy_,o Ur exists, P-a.s., and belongs to L*(Q, F, P), so J,,(£1,£7) is finite
and is given by (7). The second possibility is associated with

lim F

T—o0

Z ef’"t (KAZt —+ C) 1{AZ,5>0} =F

0<t<T

Z e "(KAZy +c) l{AZt>0}] = 0oQ,
o<t
which, combined with (46), implies that limy_,, E[Ur] = —o0, so (8) is satisfied for V =U
and J,,(Z) = —o0.

The analysis above establishes the well-posedness of the definition of J, , given by (6)—(9)
as well as parts (a) and (b) of the lemma. To prove part (c) of the lemma, we first note that
the results presented in (11)—(13) and the bounds in Lemma 2 imply

RM(z,y) =E [ / e "t h(X,,y) dt] eR
0

However, this shows that our performance criterion is finite for the strategy that involves no
capacity changes at any time, which proves that v(z,y) > —oc. To show that v(z,y) < oo,
consider any capacity expansion strategy Z € A such that J,,(Z) > —oo. With reference
to (44) and (45),

E [ / et [mm - CXt“Ytﬂ] dt]
0

o o /3
> 19y F [ / e Y, dt] — CL7P(x) (E [ / e Y, dtD
0 0

_ 1/(1-B)
> —% <%> Ly(z), forall T >0, (47)
TU2
the second inequality following because, given any constants x, A > 0 and 3 €0, 1],
1_ 1/(1-)
KQ = AQP > —% (@) , forall Q> 0,
K

13



in particular, for Q@ = E [ [;* e™"'Y; dt]. However, (38), (39) and (47) imply

(L= B)rdy (BCN'P

— | — x

ﬁ 7“’!92 2 )

which proves that v(x,y) < oo because the right hand side of this inequality is finite and
independent of Z. O

Joy(€5,67) < Li(z) + Kty +

4 The solution to the control problem

We now construct an explicit solution to the control problem formulated in Section 2 by con-
structing an appropriate solution to the associated Hamilton-Jacobi-Bellman (HJB) equa-
tion. To this end, we expect that the value function can be identified with a solution to the
HJB equation
max{ 0?2’ Wy (2, y) + brws (2, y) — rw(z, y) + h(z,y),
—w(z,y) —c+sup[w(z,y+2)— Kz]} =0, (z,9) €S. (48)
z>0

To get a qualitative feeling about the origins of this equation, observe that, at time 0, the
project’s management has two options. The first one is to wait for a short time At and then

continue optimally. With respect to Bellman’s principle of optimality, this option, which is

not necessarily optimal, is associated with the inequality

At
v(z,y) > F [/ e " h(X,,y) dt + e"”Atv(XAt,y)
0

Applying It6’s formula to the second term in the expectation, and dividing by At before
letting At | 0, we obtain

02020, (7, y) + bavg(2,9) — rv(z,y) + h(z,y) < 0. (49)

The second option is to increase capacity by AZ; = z > 0, and then continue optimally.
Since such a capacity increase is not necessarily optimal, this action is associated with the

inequality
U(.’E,y) > U(.’E,y+ Z) - Kz - Cy
which implies

sup [v(z,y + 2) — Kz] —v(z,y) — ¢ <0, (50)
2>0

14



because z > 0 was arbitrary. Since these two are the only options available, we expect that,
given any initial condition (z,y) € S, one of them should be optimal, so that one of the
inequalities (49)—(50) should hold with equality. However, this observation and (49)—(50)
suggest that the value function v should identify with a solution w to the HJB equation (48).
Now, it turns out that the value function v is not C?, so we need to consider the following
definition.

Definition 1 A function w: S — R is a classical solution of the HJB equation (48) if w is
02,1’

022 Wey (2, y) + bzwy(z,y) — rw(z,y) + h(z,y) <0, Lebesgue-a.e., for all y > 0,

sup [v(z,y+ 2) — Kz] —v(z,y) —c <0, forall (z,y) €S,
2>0

and there exists a set Z C S such that
02 Wee (7, y) + brwy(z,y) — rw(z,y) + h(z,y) = 0,
is satisfied in the interior of Z¢, Lebesgue-a.e., for all y > 0, and

sup [v(z,y + 2) — Kz] —v(z,y) —c=0, forall (z,y) € Z.
2>0

0

To proceed further, we conjecture that the optimal strategy is characterised by a point
2° > 0 and two strictly increasing functions Gy, G : [2°, oo[— Ry, such that Go(z) < G1(z),
for all x > 2°, and Go(2°) = 0. The function G separates the state space S into two regions,
the wait region WV and the investment region Z, while the function GG; provides the capacity
level that should be reached whenever it is optimal to increase the project’s capacity (see
Figure 1).

With regard to the heuristic arguments considered above, we therefore look for a solution
to the HJB equation (48) that satisfies

022 Wae (7, y) + brwy (7, y) — rw(z,y) + h(z,y) =0, for (z,y) € W, (51)
and
w(z,y) =w(z,Gi(z)) — K[Gi(z) —y] —¢, for (z,y) €T (52)

15
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Figure 1: Tllustration of a typical optimal capacity expansion strategy.

With regard to the discussion regarding the solvability of (14) in Section 3, every solution

to equation (51) that remains bounded as z | 0 is given by
w(z,y) = A(y)a™ + RM(z,y), (53)

for some function A. Here,

1 T o
T [mm/ s ™ h(s,y)ds + x"/ s " h(s,y)ds| . (54)
m) 0 T

o?(n —

RM(z,y) =

and the constants m < 0 < n are given by (17). ,
To determine A(y), Go(z) and G4 (z), we postulate that w(z, -) is C* at the free boundary
point Go(z), which yields

uﬂéror(lw) wy(x,u) = A'(Go(z))2™ + Ry(z,Go(x)) = K = uTICiJIor(lw) wy(x, u). (55)
Also, in view of the inequality
w(z,Go(z) + 2) —w(z,Go(x)) — Kz —c <0, forallz>0. (56)
and the conjecture
w(z,G1(z)) —w(z,Go(z)) — K [G1(z) — Go(x)] = ¢, (57)
we can see that the function

# w(z, Go(z) + 2) —w(z,Go(z)) — Kz —c

16



has a local maximum at z* = G (z) — Go(z), which is associated with the equation
wy(z,G1(z)) = A'(G1(2))2" + R (2, G (7)) = K. (58)
Now, given any y > 0, (55) is equivalent to
A WG " + RYNG (v), ) = K, (59)
while (58) is equivalent to
A'WIGT W] + RINGT (), ) = K. (60)

Eliminating A’(y) from these two equations, and using the equality o?mn = —r as well as
the definition of R, which implies that Rg[,h] = R we can see that the points G5 (y) and
G7'(y) should satisfy

F(Gy'(y),y, Gy () =0, (61)
where
F(x,y,2) = 2 "REOKI (4 4) — g7 RIHEO-TE) (5 4)) (62)
and
RFO-K () = 702(711_ = [zm /Ow s " H (s, y) — rK]ds
+z" /00 s " H(s,y) — rK]ds|. (63)

To proceed further, let us assume that Gy and G are C*. In this case, we can differentiate
(57) with respect to x, and use (55) and (58) to obtain

’LUI(.'L',Gl(iU)) = wz(fL‘,Go(QE)), (64)
which in view of (53), implies

[A(Gi(z)) — A(Go(2))] 2" = —

T

[R[xh](aﬁ, G1(z)) — RM (g, Go(ac))] ) (65)

S I8

However, combining this with (57) and (53), we can see that Go(x) and G (x) should satisfy

(R (z, Gy(2)) — RM (2, Go())]
+ [R[h](x, Gi(z)) — RM(z, Go(ac))] — K[G1(z) — Go(z)] — ¢ =0, (66)

SR
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which, in view of the definition (54) of R and the equality o?mn = —r, is equivalent to
®(z,Go(z),G1(x)) = 0, (67)
where

D T
&(z,y,p) = / xm/ s ™ 1[H(s,u) — rK] dsdu + . (68)
y 0 m
To summarise the heuristic discussion above, suppose that we can find a point z° > 0
and two strictly increasing functions Gg, Gy : [2°, oo[— R, satisfying (61) and (67). Since
F and ® are C! in each of their arguments, both of Gy and G, are C*. With regard to (59)

or (60), if we choose

Aly) = ﬁ [ /y (G )y /0 A s UH (s, u) — rK]ds du

o%(n — !
+ / / s UH(s,u) — rK]dsdul,
v J6imw)
(69)

then, assuming the integrals are well-defined and finite, (55) and (58) are true, which, along
with the C* continuity of Gy and G, imply that (65) is also satisfied. Moreover, (67) implies
that (66) is true, which, combined with (65), implies that (57) is satisfied as well. In light
of these observations, we can see that constructing a solution w to the HJB equation (48)
amounts to finding functions G and G satisfying (61) and (67).

The next result is concerned with this construction and the associated solution to the
HJB equation (48).

Lemma 5 Suppose that Assumption 1 holds. The system of equations (61) and (67) define
a point x° > 0 and two C', increasing functions Gy, Gy : [2°, 00 = Ry such that Go(z) <
G1(z), for all x > x°, Go(2°) = 0, and

Gi(z) < Cﬂﬁ, for all x > 0, (70)
for some constant Co > 0. The function w defined by

_ [Awq + Rz,y), for (x,y) such that y > Go(a),
w(z,y) = (71)
w(z, Gi(2)) — K [Gi(2) =yl — ¢, for (z,y) such that 0 < y < Go(x),
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where A is given by (69), is C1, and, given anyy > 0, w(-,y) is C? outside the graph of Gy.

Also, w is a classical solution to the HJIB equation (48), in the sense of Definition 1, and

there erist constants C3 > 0 and €3 €10, n[ such that

~Ca(1+y+07%) wla,y) < G (1+y+ G @I + 6T I+ 407,
(72)

for all (z,y) € S.
We can now prove the main result of the paper.

Theorem 6 Consider the capacity control problem formulated in Section 2, and suppose that
Assumption 1 holds. The value function v identifies with the solution to the HJB equation
(48) constructed in Lemma 5. Apart from an initial jump of size (G1(x) — y)* at time 0,
the optimal capacity level process Y° has jumps of size provided by the function G — Gy
that occur at the (F;)-stopping times when the process (X,Y°) hits the graph of Go, and is

constructed rigorously in the proof below.

Proof. Fix any initial condition (z,y) and any admissible strategy Z € A such that
Juy(Z) > —o0. Since Y is piecewise constant and w(-,y) is C? outside the graph of Gy,
for all y > 0, we can use It&’s formula and the fact that X has continuous sample paths to

obtain
T
e”Tw(Xy, Yry) = w(z,y) + / et [ozXfwm(Xt, Y)) + bXywe (X3, V) — rw (X, Y;)] dt
0

+Mr+ Y e w(Xy, Yiy) —w(Xy, V)],

0<t<T
where
T
My = \/50/ e*”thw(Xt, Y,)dW,, T >0. (73)
0
Recalling the definition of U in (5), this implies
UT + G_TT’U](XT, YT+)
T
= ’U}(Jj, y) + / 6_” [UQXfwm(Xt, }/;5) + bXt’U)z(Xt, }/;5) — T?U(Xt, }/t) -+ h(Xt, }/;5)] dt
0

+Mr+ Y e "Mw(X, Y+ AZ) —w(Xy,Y;) — KAZ — ] 1{az,50- (74)
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Since w satisfies the HJB equation (48), it follows that
Ur + e "Tw(Xy, Yry) < w(z,y) + Mr. (75)
Now, in view of (37) and the assumption K > 0,

—E_TTYT—F > — Z e_rtAZtl{AZt>0} - Y,

0<t<T

which, combined with the lower bound in (72), yields

e "Tw(Xrp, Yry) > —Cs (e’T + Z e’”AZtl{AZDO} + e’"TX%__ﬁ> ) (76)

0<t<T

Furthermore, using (26) in Assumption 1, we obtain

T T C
/ e " h(X}, V) dt > —C / e Y, dt — - (1—e). (77)
0 0
Combining (76) and (77) with (75), we can see that
: > _ = -t —rt —rT vy ﬁ
%gfo Mr>-Cy |1+ /0 e 'Y, dt + Z e "AZliaz 50y + sTglge X , (78)

[0,00]

where Cy > 0 is a constant and X; = sup,<; X;. Recalling the assumption that {¢5 € 10, n],
we can see that the second bound in Lemma 1 and (35) in Lemma 4 imply that the random
variable on the right hand side of this inequality has finite expectation. It follows that the
stochastic integral M defined by (73) is a supermartingale, and therefore, E [Mr| < 0, for
all T > 0. Taking expectations in (75), we therefore obtain

E[Ur] < w(z,y) +lim infe”" E [—w(Xr, Yry)]. (79)
— 00
Furthermore, since

Ur>-Cs |1 +/ 6_”}/; dt + Z €_rtAZt1{AZt>0} ,
0

(0,00]

and the random variable on the right hand side of this inequality has finite expectation,

Fatou’s lemma implies
Joy(€7,67) <liminf E [Ur], (80)
I'—00
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while (72) implies
liminfe ™" E [—w(Xr, Y7y )] < lim e""C3 + C3liminfe ™ E [Y7,]
T—o0 T—00 T—00
+Cy lim e "TE [X;f/ (1‘/3)]
T—oo
=0, (81)

the equality being true thanks to the first bound in Lemma 1 and (35). However, (79)—(81)
imply that J,,(Z) < w(z,y), which proves that v(z,y) < w(z,y).
Now, let us set

=0 and Z9 =[Gi(2) — y] 1{y<com)) (82)
and define iteratively the (F;)-stopping times 7,, and the processes Z ) by

Tein :lnf{t 2 T Xt Z GE)_I] (y+Zt(n)>}’ for k :0,15"',
Zt(k—H) = Zt(k) + [Gl(XTk+1) - GO(XTk+1):| 1{t>7'k+1}7 for k = 0,1,.... (83)

Observing that limg_,., 7» = oo, P-a.s., and that Zt(k) = Zt(kH), for all ¢t € [0, 7x41], and
k > 0, we define the capacity expansion process Z° by Z} = Zt(k) for t < 7, and we note

that the associated capacity process Y° satisfies
Vo<l cabng) + G g s giongy- (84)

This inequality and the upper estimate of w in (72) in Lemma 5 imply

e "Tw(Xr, YP) < Csze ' (1 + X7+ X;f*) : (85)
Also, this inequality and the upper bound on A in Assumption 1.(26), imply

T 00
/ e h(X,, YP) dt < Csy (1 + / e XD 4+ X (YR + Y] dt)
0 0

< Css (1 + / e [Xt"—’f’l +X§“/(“ﬁ)} dt) . (86)
0

However, these inequalities and the estimates in Lemma 1 imply

T
E [sup (/ e " h(Xy, V) dt + e_’"Tw(XT,YJ‘J)ﬂ < 0. (87)
0

>0
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Now, with regard to the construction of Y°, we can see that (74) implies

T
| e eyt — Y e KAZ + s
0

0<t<T
+e Tw(Xr, Y2,) = w(z,y) + M, (88)

where M° is defined as in (73) with ¥; = Y;°. This identity and (87) imply that E [supp., M3] <
00, so the stochastic integral M is a submartingale. In view of this observation, we can take
expectations in (88) and pass to the limit to obtain

Joy(Z°) > w(z,y) + liminf e " E[—w(Xr, Y2)]

T—oo

v

w(w,y) + Cse liqgn infe”TE |1+ X 4 X—ta/(l—/j)]
— 00
= w(z,y)- )

Here, the second inequality follows from the upper bound of w in (72), (84) and (70).
However, combining with the inequality v(z,y) < w(z,y) that we proved above, we deduce

that v(x,y) = w(z,y) and that Z° is optimal, and the proof is complete. O
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Figure 2: Illustration of the functions Ly and L constructed in Lemmas 7 and 8.

5 Appendix: Proof of Lemma 5

To establish Lemma 5, we first need to prove a number of preliminary results. The next one
is concerned with a study of the function F' defined by (61).

Lemma 7 The equations
di(a.9) = =" [ s H(sy) = K ds = [ s H(s) - K] ds =0, (90)
0 T
(9= [ 5 H(sg) ~ rK]ds =0, (91
0

define uniquely two strictly increasing, C" functions xy,zt : [0,00[— [0, 00, respectively,
such that
0'2192

8C

(o= m)(n— aﬂ V2 < ay(y) <al(y), forally > 0. (92)



Also, if we define
D={(z,y) €8: =€ lxi(y),2' ()]}, (93)

then the following statements are true:
(a) For (z,y) € S\D, the equation F(x,y,z) =0 has no solution z > .
(b) There ezists a unique mapping L : D — [0, 0o[ such that

z < Lp(z,y) and F(z,y,Lp(z,y))=0. (94)
Moreover,
0 0 .
gLF(x,y) <0 and a—yLF(a:, y) >0, for all (z,y) € int D, (95)
lim Lp(z,y) =00 and lim Lp(z,y)=z'(y). (96)
zlri(y) ztat(y)

Proof. Consider (91), fix any ¥ > 0, and observe that the upper bound in (27) in
Assumption 1 implies that

iI;f(; H(z,y) —rK = —rdy <0. (97)

Combining this inequality with (23) in Assumption 1, we can see that there exists a unique
point z, = z,(y) > 0 such that

%qf(x, y) = - [H(zy) — rK] <0, forall z €]0,x.], (98)
>0, forall x> x,.

In view of this calculation, we combine the fact that ¢'(-,) is strictly decreasing in ]0, z,|
and strictly increasing in ]x,, oo, with ¢f(0,7) = 0, to see that ¢'(z,y) < 0, for all z < z,,
in particular, q(z,,y) < 0. Therefore, if ¢'(z,y) = 0 has a solution z > 0, then this must
satisfy © > x,. Also, given that it exists, this solution is unique because ¢f(-,y) is strictly
increasing in |z,,o0[. To prove that the required solution indeed exists, it suffices to show
that lim,_, ¢'(2,7) = co. The assumption that lim,_,o, H(7,y) = oo implies that, given
any constant M > 0, there exists 8 > z, such that H(z,y) — rK > M, for all z > g.
However, given any such choice of these constants, we calculate

i o'(.9) = Jim [/ (5.0) + [ ) - rE s

T—r0o0
M M
> lim [qT(ﬂ, y)+—p"" — —w‘m]
T—00 m m

= Q.
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It follows that equation (91) defines uniquely a continuous function z' :]0, co[ —]0, oo such
that

<0, forz < af(y),
given any y >0, ¢'(z,y)S =0, forz=zi(y), (99)

>0, forz > xi(y).

Moreover, the arguments above imply that

H(z'(y),y) —rK >0, forally > 0. (100)
To see that zf is C! and strictly increasing, we differentiate ¢'(z'(y),y) = 0 with respect to
y to obtain
0 1 /m*(y)
1 _ —m—1
—z'(y) = — S H,(s,y)ds
o" Y = TG T HE )0 - Ky 0)

>0, (101)

the inequality following from (100) and (24) in Assumption 1. Since z' :]0, co[—]0, oo is
increasing, we can extend its domain by defining z(0) = lim, o zf(y).
Now, fix any y > 0, consider (90) and observe that (91) and (99) imply

(@ ).9) =~ )" " e - [ O: () K] s
= —/:)S_"_I[H(s,y) —rK|ds
<0, (102)

the inequality following thanks to (100) and the assumption that H(-,y) is strictly increasing.
Also, note that

m—n—1 1

Srai(@,9) = (n = m)a™ " g}z, )
<0, forallzelo,zi(y)l. (103)

To proceed further, we fix any €, x. > 0 such that H(s,y) — rK < —¢, for all s < z.. For

such a choice of parameters, we obtain

liﬁ)qu(x,y) > liﬁ)le[xm_”/ g—mt ds+/ st ds] —/ s~ UH(s,y) —rK]ds
@ T 0 z Te

= 00. (104)
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However, combining this calculation with (102) and (103), we can see that, there exists a
unique z;(y) €]0, z(y)[ such that ¢;(z4(y),y) = 0, for all y > 0. Moreover,

>0, for z €]0,z;(y),

gt(, y) (105)

<0, forxe ]xf(y),xT(y)[.

To see that z; is C* and strictly increasing, we differentiate g;(z1(y),y) = 0 with respect to
y to obtain

P 1 n—m+1 ;
gyt W) = (n—m) " o4(y) @) 9)

z+(y) o0
X [xT(y)m_"/O s ™ H,(s,y) ds+/ ( )s”lHy(s,y) ds
z+(y

>0, (106)

the inequality following from (99) and (24) in Assumption 1. Furthermore, the conclusion
that z; :]0,00[—]0,27(y)[ is increasing implies that the definition z;(0) = lim,o z;(y) is
well-posed.

To see (92), we use the upper bound in (27) in Assumption 1 to obtain

—(n —m) n—m

BCy_(l_ﬂ)xa — 77,

a—m)(n— a) nm (107)

et

This inequality implies that x;(y) is greater than the unique point at which the right hand

side vanishes, namely,

1
o @ 1.8

5l > | Gaa-mm-a) " vF, (108

which establishes (92).
Now, fix any (z,y) € § with y > 0, and consider the equation F(z,y,z) = 0 for z > z.
Plainly,

F(z,y,2) =0, (109)
while a straightforward calculation involving the definition (62) of F' and the definition of
RWUO-rKl(2. ) as in (63) yields

1
agF(waya Z) = __Zm_n_qu(za y) (110)
z o



However, these observations and (99) show that the equation F(zx,y, z) = 0 has no solution
z > x if £ > 2(y). In view of this observation, (109), (110) and (99), we will prove part (a)
of the lemma and the existence of a unique mapping L : D — [0, oo such that z < Lp(z,y)
and F(z,y, Lr(z,y)) = 0 if we show that

>0, fora €]0,a:(y)L.

lim F(x,y,z) (111)

200 <0, forz €lai(y), a*(y)[-
To this end, we use the upper bound in (27) in Assumption 1 and the fact that ¢ (zf(y),y) = 0
to calculate

lim zm_”/ s~ H(s,y) —rK]ds
0

Z—00

= lim zm"/ s ™ H(s,y) —rK]ds

FTro0 t(y)

< lim zm_"/ sTmBCs*y ™ P) — 19y ds

FTro0 t(y)

Cy~(1-8) 0y, B B
=JH&[L (T @) T T (@ () e
=0, (112)

the last equality following because m < 0 < a < n. Similarly, we use the lower bound in

(27) in Assumption 1 to obtain

Z2—00

lim zm_”/ s ™ H(s,y) —rK]ds
0

> lim —[C + rK]zm"/ s ™ lds
Z—00 0

. C+rK
= lim z
Z—00 m
=0. (113)

These calculations and the definition of RI¥()~"Xlin (63) imply that lim,_,, 2™ RIHOTEl(z ¢) =
0, which, combined with the definition of F' and g¢;, implies

. 1
ZIEEOF(%%Z) = mm(m,y)- (114)

However, this limit and (105) imply (111). Furthermore, a careful inspection of these argu-

ments reveals that (96) is true.
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Finally, to show (95), we first differentiate F(x,y, Lr(z,y)) = 0 with respect to z to

obtain

o m—n—1 %
—Lp(z,y) = i q(z,y) <0, forall (z,y) € intD (115)

oz L Yz, y)gt (Le(z, ), y)

the inequality following because x < z'(y) < Lr(z,y) and ¢'(z7(y), y) = 0. Next, we observe
that the definition of F' in (62) implies

Fy(z,y,2) = z’"R[Hy](z, y) — x’"R[Hy](:v, Y), (116)

while the definition of R[], which can be easily deduced from (63), implies

d 1 v
—z "R (1, y) = ——xmnl/ s ™ H,(s,y)ds
0

dzx o2

> 0, (117)

the inequality following thanks to (24) in Assumption 1. However, these calculations and
the fact that = < zf(y) < Lr(z, y) show that

Fy(z,y,Lp(z,y)) >0, forall (z,y) € int D, (118)

while (110) and (99) imply

1.
Fz(xayaLF(xay)) = _EL;"I l(xay)qT(LF(xay),y)

<0, forall (z,y) € intD. (119)

In view of these inequalities, we can differentiate F(z,y, Lr(z,y)) = 0 with respect to y to
derive the second inequality in (95), and the proof is complete. O]

The next result is concerned with a similar study of the function ® defined by (68).

Lemma 8 There ezists a strictly increasing, C* function x; : [0,00[ = Ry such that given
any (z,y) € S, the equation ®(x,y,p) = 0 has a solution p > y if and only if z > x;(y). In

particular, there exists a unique mapping
Lo :{(z,y) €S: o> xi(y)} = S (120)
such that
(NE(2) < Lo(z,y) and ®(x,y, Le(z,y)) =0, (121)
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where the function zt is as in Lemma (7). This mapping satisfies

0 0
a—qu,(:c, y) >0 and a—qu,(a:, y) <0, forally>0 andz > x;(y), (122)

and there exists a function x' : [0, 00— Ry such that xi(y) < x'(y), for all y > 0, and, if
we define

U={(z,y)€S: =€), x' W)},

then Le(x,y) € D, where D is defined by (93), if and only if (z,y) € U.
Proof. Fix any (z,y) € S, and define
Di={(z,y) € S: x <zl(y)}, (123)

where zf is as in Lemma 7. With regard to this definition, the fact that m < 0, (91) and

(99), we calculate

B(a,y,y) = = <0, (124)

<0, forz <2i(p),

0

oy 2@ v:P) = a"q'(z,p) { =0, forz = zi(p), (125)
>0, forx>zi(p),

and
D T
(%(I)(x, Y,p) = / {mxml / s ™ HH(s,u) —rK]ds+x '[H(z,u) — TK]} du
Y 0
D T

= / xml/ s "Hy(s,u)dsdu
Y 0

>0 (126)

the inequality following thanks to (23) in Assumption 1. Now, (125) implies that the function
®(z,y,) has a global maximum at y if (z,y) € D; and at zf(p) if (z,y) € S\D;. Combining
this observation with (124), we can see that the equation ®(z,y,p) = 0 has a solution p > y
if and only if (x,y) € S\D; and ®(z,v, (z')[71(x)) > 0. However, this conclusion and (125)
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imply that there exists a strictly increasing function x; : [0,00[— R and a mapping Le
satisfying (120)—(121) if and only if

(%(I)(x, v, (2H(2) > 0, (127)
and
wh_)ngo ®(z,y, (zH(2)) > 0. (128)

Inequality (127) follows immediately once we observe that (125) and (126) imply

b (" H(z) z
a—@(x, y, (e (z)) = / xml/ s ™Hy(s,u)dsdu > 0. (129)
T y 0

To see (128), we note that (23) in Assumption 1 implies that, given any constant N > 0,
there exists z; > 0 such that H(x,y) — rK > N, for all z > z;. Given any such choice of
constants,

lim xm/ s~ H(s,y) —rK]ds
0

T—00
o N N
> lim 2™ [/ s H(s,y) — rK]ds — —a™™ 4+ —a7™
T—00 0 m m
N
__N 1
N (130)

the last equality following because m < 0. Since N > 0 is arbitrary, this calculation implies

lim xm/ s~ HH(s,y) —rK]ds = co. (131)
0

T—00

However, in view of this limit and the fact that lim, . (z")"U(z) = co (recall that the
domain of z' is the whole of R, ), we can deduce that

T—00 T—00

(@h)- () z
lim ®(z,y, (zH(z)) = lim [/ xm/ s~ NH(s,u) — rK]dsdu + r
y 0 m

= o0, (132)

which establishes (128).
Now, to establish (122), we first differentiate ®(z,y, Le(x,y)) = 0 with respect to z to
obtain, for all y > 0 and = > x+(y),

q)w(x, Y, L‘P(xa y))
(I)p($, Y, Lq’(xa y))
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_L(b(-Ta y) = -

1
o > 0, (133)



the inequality following thanks to (125) and (126) and the fact that Le(z,y) € int Dy, which
implies that < zf(Lg(x,y)). Also, differentiating ®(z,y, Le(x,y)) = 0 with respect to y
yields

q'(z,y)
¢'(z, Lo(z,y))

0
—ch(l', y) =

0 134
3y <0, (134)

the inequality following thanks to (99) and the inequalities y < gt () < Lo(z,y).
With regard to the structure of the function ® that we have studied above, the existence
of the function x! will follow if we prove that, given any y > 0,
lim ®(z,y, 21 (z)) > 0. (135)

T—r0oQ

To this end, we consider any = > 0 and p > y > y;, where y; is as in (29) in Assumption 1,

and we calculate

P x
®(z,y,p) 2 / xm/ s HBAs*u 0P — rK]ds du + %
y 0

= [ A¢ xap—(l—ﬂ) + g] P+ [Mpﬂ _ A yﬂ:| % — gy + E’
a—m m a—m a—m m m
(136)
where ( is a constant. Now, (92) and the identity o?mn = —r imply
AC C1g-a-p , TK K np o295 (n — )
@ — > [AC— — C 137

while (28) in Assumption 1 implies that there exists ¢ €]0, 1] such that the right hand side
of this inequality is strictly positive. However, for such a choice of ¢, (136) and the fact that
limg o0 2l (z) = oo imply (135), and the proof is complete. O

Proof of Lemma 5. With regard to the definitions and the properties of the sets D, U and
the mappings Lg, Le in Lemmas 7 and 8, we define

LrA={(Lr(z,y),y): (z,y) € A}, for AC D,
LsB = {(Ls(z,y),y): (x,y) € B}, for BCU,
o =a, o) =al, 2l =xp, ) =X,

DO =p= {(x,y) €eS: ze [ng)(y)’xgo)(y)]}
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and

U0 —u={@yes: velPw.aVw)}.

and we observe that

x§°) (y) < xgo) (y) < xgo) (y) < %(10) (y), forally >0, (138)
lim x§°) (y) =00, fori=1,2, 3,4, (139)
y—>00

LD > U and LU = {(a:, y) € DO g >z (0)} . (140)

To proceed further, we appeal to an inductive argument, and we assume that we have found

strictly increasing functions mgk), xék), xgk), xik) : Ry — R, such that

2P (y) < 2P (y) < P (y) < 2P (y), forall y > 0, (141)
lim xgk) (y) =00, fori=1,2,3,4, (142)
Yy—o0

and, if D®), YY*) are the sets defined by
D ={(z,9) € §: zeal’(y), 2]},
u® ={(z.y)es: velz @), s wl},
then
LeD® S5U®  and LoU® = {(x,y) eD® . > xgk) (0)} : (143)

With regard to the properties of the function Ly(-,y) established in Lemma 7, there exist
functions acgkﬂ), :vgkﬂ) : R, — R, such that

#9(y) < V() <2y (y) < (y), forally >0, (144)
lim z{¥Y (y) = lim xgkﬂ)(y) = 00, (145)
Y—00 Yy—00

and, if we define
DD — {(:L“,y) eS: z€ [m§k+1)(y),$§k+l)(y)]}a (146)
then
LpDEHD — k), (147)
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Similarly, the properties of the function Le in Lemma 8 imply that there exist functions
xgk+1),a:gk+1) : Ry — Ry such that

7(y) < a5V ) <2V (y) <alP(), forally >0, (148)
lim :cgkﬂ) (y) = lim xikﬂ)(y) = 00, (149)

Yy—00 Yy—00
LoldFHD) = {(m,y) e Dk g > x§k+1)(0)} ) (150)

where U*+1) is given by
Ut = {(zy) €5z el ), )} (151)

By construction, the functions z**", i = 1,2,3,4, and the sets D*+)_ 1/*+) have all of

the properties assumed for the functions xgk), i=1,2,3,4, and the domains D® /) (see
(141)—(143)), and which are shared by the corresponding entities when k£ = 0 (see (138-
(140)). By induction, it follows that there exist sequences of functions (:cgk)), (xgk)), (xék)),
(x%k)) and subsets (D®)), (U®) of S satisfying (141)—(143). Since (acgk)), (a:gk)) (resp., (xgk)),
(z5")

k)

x, ")) are strictly increasing (resp., decreasing) sequences of functions,

®)(y), fory>0andi=1,23,4, (152)

Zi(y) = lim x;

k—00

define increasing functions Zi,%,23,24 : Ry — R, such that Z;, 3 are lower semi-

continuous, Zo, T4 are upper semi-continuous,

T1(y) < 2a(y) < 23(y) < 24(y), forally >0,
lim #;(y) = o0, fori=1,2,34,

Yy—00
(153)
and the sets
G = (D® ={(z,9) € §: i(y) <z < a(y)},
k=0
Go = [UP ={(z,y) €S 23(y) <= < da(y)} (154)
k=0

are non-empty and closed. Moreover, (147) and (150) imply
LrGi =G and LoGy = {(x,y) €S: o> lim xg’“>(o)},
—00
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respectively, while the fact that Lg(-,y) and Lg(z,-) are both decreasing implies

L graph 2; = graph 24, L graph o = graph 23,
Lo graph s C graphzy and Lg graphz, C graph z;.

These inclusions imply that, if we define
z° = 23(0), Gi(z)= 33[2_”(:6) and Gy(z) = :%g_l](ac), for z > 2°,

then G and G, satisfy (61), for all y > 0, and (67), for all z > z°. Moreover, since the
functions F' and ® are C*, the functions G, G are C*. At this point, we should note that
the choice of G, Gy made above plainly appears to be non-unique, which is due to the fact
that we have not managed to prove that the sets Gy and G; have empty interior.

Now, consider (69), and note that the upper bound in (27) in Assumption 1 and the

inequalities o < ﬁ < n imply
pC /Oo —(1— [—1] —(n—a)
0 < A(y) < 0= (GFw) d 155
(y) — 0_2(a _ m) (’I’L _ O,/) y u 1 (U) U ( )
Now, fix any €y > 0 such that
< a <
o <m— 71— 5 n — .

Using the fact that G[l_l] is increasing and the estimate provided by (70), we calculate

/yoo u(-B) (G[ll](u))(na) du < (G[fl](y)>7€0 /yoo L ea:) (G[l—ﬂ (u))(naa’) du

aCrn =1, 3\ %, ~[(1-8)(n—c0)—a]/a
< G °

where C7; > 0 is a constant, which implies

o ~ —(n—a) aC' -~ —€0
~(1-8) (-1 < £ [-1] >
/ u (G1 (u)) du =B =) (G1 (y)) , forally>1.

Y

(156)

Also, the fact that G[l_l] is increasing implies that, given any y < 1,
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However, (155)—(157) imply
Aly) (G[l_l] (y)>" 02(n - )(n ) [( )?ncils()) o ((G[l_u(y))n_so 1{y21}>
( )n My + 2 (G[_l](l))a 1{y<1}]

_072< (G 1 )n ) for all y > 0, (158)

where Cy79 > 0 is a constant.
To proceed further, fix any (z,y) € W such that x < G[l_l](()) or r > G[l_l](()) and
y > G1(z). For such a point,

w(z,y) < w(@ (), y)
@) [67w)] "+ RP(G @), w)

]n_go/\ﬁl N [G[ll](y)]ayﬁ> ’ (159)

<cn 140+ 6l )

the first inequality following because w(-, y) is increasing, and the second one following thanks
to (158) and the upper bound in Lemma 2.

For (z,y) € W such that y < Gi(x), the fact that w satisfies the HJB equation (48)
implies

w(z,Go(x)) > w(z,y) — Ky — Go()] — ¢, (160)
which, combined with the identity
w(z,Go(x)) = w(z, Gi(x)) — K[G1(z) — Go(z)] — ¢ (161)
that is true by construction, implies

w(z,y) < w(z,Gi(r)) + Ky
= A(G1(x))2" + R(z, G1(x)) + Ky
<Cu(l+ "N 4 Gy () + $a[Gl($)]B)
< Cry (142750 42777 ) (162)

where C7; > 0 is a constant. The second inequality here follows thanks to (158) and
Lemma 2, while the third one is true because of the estimate for G; provided by (70).
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Also, if (x,y) € Z, then the expression for w given by (71) implies that w(z, y) satisfies (162)
as well. However, (159) and (162) establish the upper estimate in (72).

To show that w satisfies the lower bound in (72), we first observe that the positivity of
A and the lower bound in Lemma 2 imply that

w(z,y) > —Ci(1+y), forall (z,y) € W, (163)
This estimate and the definition of w in Z, provided by (71), imply

w(z,y) =2 —(Cr + K) Gi(z) —
> —Crs (1424 for all (z,y) € Z, (164)

the second inequality following thanks to (70). However, (163)—(164) establish the lower
bound in (72).

To see that w is C1! along the boundary G;, we use the second identity in (71) along
with (58) to calculate

i (,9) = s, Gr (2)) + oy, G (2) — ) 2D

= wy(x, G1(x)). (165)

By construction, we will prove that w satisfies the HJB equation (48) if we show that

022 Wy (,y) + bzw, (z,y) — rw(z,y) + h(z,y) <0, for all (z,y) € Z, (166)
—w(z,y) — c+suplw(z,y+2z) — Kz] <0, forall (z,y) e W (167)
z>0

To this end, we fix any (z,y) € W and we observe that (59) and the definition of F' in (62)
imply
wy(,y) = K = A'(y)a"™ + RTO7H (2, y)
= |- (G5 ) RHOTGT Y (y), ) + 2T RIEO TN @, ) | o
= —F(z,y,Gy ' (y))2"

<0, forz< G[l_l](y),

(168)
>0, fora€]G ). G5 W)l
To see how the inequalities follow, we note that
OF (z,y,2) |
~ or = ;33 q'(z,y), (169)
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and that ¢(z'(y),y) = 0. Then, since G{ () < zt(y) < G5 (y), we must have

) 1) <0, forz < G (y) and « € 167 (y), 21 (y)],

—F(z,y,Gy “(v)) S0, forsela(y), Gl (170)

oz

Combining this with F(G5 " (y),y, G5 (y)) = F(GT Y (y), v, G5 (y)) = 0, we deduce that

>0, forz<G{(y),

F(z,y,Gy () . .
<0, forz ]G (), Gh W)l

(171)

Using (168), it is a tedious but straightforward exercise to show that (167) is satisfied.
To establish (166), and in view of the C*? continuity of w in the interior of W, we can

differentiate wy(x, G1(z)) = K with respect to z to obtain
Way (7, G1(7)) = —wyy(z, G1(2)) Gi(z) <0, (172)

the inequality following because wy, (z,G1(z)) > 0, which is true thanks to (168), and the

fact that G is strictly increasing. Now, with regard to (165), we can see that

Wor (T, Y) = Wou (2, G1(2)) + way (7, G1(2)) G (2)
< wgz(x,Gi(x)), forall (z,y) € Z. (173)

combining this inequality with (165) and (71), we can see that (166) is implied by

022 Wae (7, G1(2)) + brw,(z, G1 (7)) — rw(z, Gi(z))
+ rK[Gi(z) —y] + h(z,y) +rc <0, for (z,y) € Z, (174)

which is equivalent to
Gi(z)
_ / (H(z,u) — K] du + re < 0. (175)
Yy

However, this is true because, by (67), we have

Gi(z) z
rc=-—m xm/ s H(s,u) —rK]dsdu
Go(a)) 0
Gi(z) z
<-m xm/ s H(z,u) — rK]dsdu
0

- Go(z)

Gl(m)
- / (H(z,u) — K] du, (176)
Go(z)
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the inequality here following from (23). Substituting this into (175) yields

Go(z) Go(x)
_ / (H(z,0) — K] du < — / (H(z, Go(z)) — rK] du

<0, (177)
the first inequality due to (24) and the second to the fact that H(z,Gy(z)) — rK >
H(z, (2N — rK = 0, and the proof is complete. O
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