Related papers

Optimal investment timing under financing Investment decision problem for
constraint @ unconstrained all-equity financed firm (standard model)
o McDonald and Siegel (1986, QJE, hereafter MS)

@ constrained all-equity financed firm

Takas.hi Shibata _ o Boyle and Guthrie (2003, J. Finance, hereafter, BG):
Tokyo Metropolitan U./U. Cambridge Financial constraint makes the firm accelerate the investment

@ unconstrained debt-equity financed firm

o Sundaresan and Wang (2007, AER, hereafeter SW):
Debt financing makes the firm accelerate the investment

joint work with Michi Nishihara at Osaka U.

King's College London

o constrained debt-equity financed firm (our model)
October 26, 2010

o Based on SW (2007), we consider the debt capacity constraint

All-equity financing problem
Debt-equity financing problem
Debt-equity financing problem with constraint

Model

Contents Model setup

o . o (X¢)t>0: price of the product
1 (P1) Investment decision problem for all-equity financed firm: B

McDonald and Siegel (1986, QJE) dX; = pXedt + o Xedzy, Xo = x > 0, (1)
(P1)" Investment decision problem for constrained all-equity
financed firm: Boyle and Guthrie (2003, J. Finance) where ;1 >0, 0 > 0, and (z¢)¢>0: standard Brownian motion.
2 (P2) Investment decision problem for unconstrained o Mx: after-tax present value of the project
debt-equity financed firm: Sundaresan and Wang (2007, AER)
3 (P3) Investment decision problem for constrained debt-equity Mx = IE[ /+OC e (1 — T)QXtdt] = 1-7 Qx
financed firm: our model 0 -

4 Model implication
@ r > 0: risk-neutral discount factor

o 7 > 0: tax rate
o @ > 0: quantity of the product

5 Concluding remarks



All-equity financing problem
Debt-equity financing problem

All-equity financing problem
Debt-equity financing problem
Debt-equity financing problem with constraint

Model

Debt-equity financing problem with constraint

[P1] All-equity financing problem

@ Investment timing; Optimization problem under all-equity financing
Ti = inf{t > 0; X; > xi;}, max (=) (Mxd; = 1), (3)
;XU

where x{]: investment trigger.

@ subscript “U” stands for unlevered (all-equity financed) firm . B:=1/2 - ,u/02 + \/(,u/02 —1/2)2 +2r/0? > 1. (4)
o Equity option value:

where x < X%J and

@ subscript “U” represents the unlevered firm

EY(x) :=sup E|e”T0(NXp; — I 2 .
t(x) -,-;p ( o ) ) Proof: E{j(x) satisfies
U
L 022 E0M(x) + pxE (x) — FES(x) + x = 0 (5)
o superscript “0” stands for the option value before investment 2
o | > 0: one-time cost expenditure at investment subject to
E5(0) =0, EX(x) =Nxi—/ (6)
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[P1]" All-equity financing problem with constraint

Solution and optimal value @ P1: unconstrained (simplified) standard problem:
i g1 x 8 1 supEle T (Xq: — 1], s.t. dXe/Xe = pdt + odz (8)
U=—-——=1 EG(x) = (=) ——1 7 ! T ; t/ At t
o P1": constrained problem:
@ superscript “x” denotes the optimum Simplified version in Boyle and Guthrie, (2003, J. Finance)
@ The investment trigger xi* is a linear function of / T
o Hﬁ sup  Ele T(Xgi = 1] (9)
o T =inf{t>0:X; > x{f Ti
@ This problem is the simple version of McDonald and Siegel s.t dX;/X; = pdt + gdzt(l) (10)
(1986. QJE) dYe = rYedt + ¢dz?, dz2W0dz® = pdt (1)
I <Yi4+aX;, a€]0,1) (12)

where Y denotes cash stock.
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Equity value after investment

Timeline under debt-equity financing

@ Unlevered firm (all-equity financed firm): E?(x, ¢): Equity value after investment:
T =inf{t > 0; X, > x'} @ superscript “a” stands for the value after investment
t=0 Ti
i i time Td
current investment Ea(Xt, C) - SUp Et [/ eir(U7t)(1 - T)(QXU - C)du} (13)
all-equity financing Td t
o Levered firm (debt—equi.ty financed firm): ) where ¢: coupon payment. Here, E?(X;, c) is rewritten as
Ti=inf{t >0, X, >x'}, c, Td=inf{t > T} X; < x4},
t=0 T ¢ Td - C d C Xt v
| i i time E*(X¢, c) = max nX; —(1- 7')7 —{Nx* - (1- T)—}(X—d) (14)
current investment default

equity-debt financing where
o superscript “i" stands for investment strategy.

o superscript “d" stands for default strategy. yi=1/2 - pfo® - \/(u/a2 —1/2)2 +2r/0? < 0. (15)
o ¢ denotes the coupon payment
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Debt value after investment

Optimal default trigger: Maximizing (14) with x4 gives D?(x, c): Debt value after investment:

xd(c) = k71c (16) 7 a
’ D?(X;, c) = B [/ e = cdu+ e~ (7= (1 — a)Nx9(c)] (18)
t
h . .
where where a € (0,1): bankruptcy cost. Here, D*(X¢, c) is written as
vy—1 T
= r 17 _ ¢ ¢ d Xi
o 17 DX e) = T~ {7~ (L= (@} iy (19)
Va(X;, c): Total firm value after investment:
o Default trigger x4(c) is a linear function of the coupon . . .
payment c 74 (Xt7 C) = E (Xt, C) + D (Xt: C)
. c X X
o limejoxd(c) = 0 = X, +7-(1- (Xd—(tc))W) — ozl'lxd(C)(Xd(tC) )7, (20)
o This result is given by Black and Cox (1976, J. Finance). Levered value Unlevered value -~ s\ — %
Tax benefit Bankruptcy cost

o lim¢ejo D*(X¢,c) =0 and limcjg V3( Xz, c) = MX;
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[P2] Debt-equity financing problem

Simplified optimization problem:

max (= )7 (1N — 1), (23)
XA X
Optimization problem of unconstrained debt-equity financed firm N N
where Xy = x and
X \B af i af i 1 =

max () (E0dee) - (- D). ) C el 24

XNsON XN (G ( +h1—7') = ( )

subject to  xi > 0, cx > 0, (22) h = (1-y(1-a+2) " >1. (25)

7-

Proof:

@ subscript “N” represents the non-constrained problem en(Xe) = argrcnax {(X/Xf\J)’B(Va(Xt, c)-1)} = EXt’ (26)

@ This problem is the same as the simple version in Sundaresan

and Wang (2007, AER). where k is defined by (17). Substituting (26) into the objective
o The problem by removing the optimization with xli\J is the function (21) gives
problem in Leland (1994, J.Finance). fa(x, en(x)) + D*(x, CN(X)Z—I = Mx—1 (27)
—Va(x.cx(x))
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Optimal solution: [P3] Debt-equity financing problem with constraint

. . . K . 1 .
ix __ i ik * ik dx __ i
XN =YXy <Xy, oy = T¥xy, Xy Xy

h ~h Optimization problem of constrained debt-equity financed firm
. . . max (=) B, o) — (1 = D*(x. ec)) ), (29)
@ All the solutions are linear functions of / i e X1 c © '
(ehhes C
Optimal value: subject to  D*(x, cc) < gl, x> 0,cc > 0, (30)
EQ(x) = (Z)P(vA0d, ) —1) = (¢Xi*)ﬂ%/ where g € [0,1].
X)Ij 1 XU @ subscript “C” represents the constrained problem
> (W)ﬁjl = E5(x) (28) o This financing constraint represents the limited debt issuance.
U

o When g =0, [P3] becomes [P1].
o When g is a sufficient large, [P3] turns out to be [P2].

o Note that ¢ <1 and g > 1. Thus, our problem [P3] includes two problems [P1] and [P2].

@ These results are obtained by SW (2007)
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kot Debt-equity financing problem
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Our conjecture for [P3]

We define a critical value x; by

Da(Xl, CN(Xl)) = ql. (31)
@ We have already obtained in the standard investment theory: Since xd(en(x)) = (1/h)x in (16) and ex(x) = (x/h)x in (26),
& <ol B > EY() Do(x () = 27— {2 (1= e ) )
r r x4 (en(x

@ In our intuitive conjecture based the above results, the

constrained firm has the following properties: is strictly monotonically increasing continuous function of x with

limyx—0 D?(x, ex(x)) = 0 and limy_ 100 D*(x, cy(x)) = 400. So,

xi¥ < xéif < x{}‘, E%(x) > E2(x) > ES(x). there exists an unique xj.
Then, using x1, we can examine whether or not the debt capacity
The results are... constraint is binding:

o If xli\}k > x1, the firm is financially constrained

o Otherwise (xif < x1), the firm is not financially constrained
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Debt-equity financing problem with constraint

Optimal solution: Numerical examples

If xi* > x1, (x7, ¢i) are decided by

{(1- 6)ﬂxc BT+ (8~ ) (57) " (%52 + alx(cc) + B1) }
{7 () (% = (1= a)x(ec)}
—4——&$ﬁ)(+wmx«aaﬂu—wn .
X{l ( d)E‘C ) ( (1 _ a)l'lx (Cc)C(;l)(]. _ 7)}71 —0 asic parameters
_{ — (1 — a)Nxd(c )}(%) —ql =0 r=20.09;=0.01;/=57=015a = 0.4, Xg = x = 0.5;

and xd* = x4(c) is obtained by substituting ¢, into (16).

(

Otherwise, we have (x¥, c&, x3*) = (xif, &, x¢).

Optimal values:

Eo(x) = () (VA ) = 1) < BR(%) (32)

XC
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Equity option value and investment trigger

Investment trigger with financial constraint parameter g

e — < —
NIRRT B0 7 ]
EQ(X) st =02 - - AS q T,
Eg(x)s.«. q=0.6 _
/ 360751 — — —v3(x,c=0)=IT x "/'/ B _
C gs.sosef _o_ Va(XICN) ,,/‘ q % () i
: $ 3.3900 we ) st q=02l- 1 £ 1) Xo \L
tgger g e e (via D* 1)
xi; = 0.81 : . H
i _ R i
j?i\i _ 8;2 E (ii) . 1
] ~ via ¢
under g = 0.2 - ( 1)
ik __ 25p -7 ]
)<dC - 0'73 6 0 0‘.1 0.‘2 0‘3 0‘.4 0.‘5 0‘6 0‘.7 0.‘8 0.9‘32 1
under g = 0. ‘ i s i d . . . .
o7 ots 076 078 081 o If g < 0.932 (due to x; < x\'), debt financing is constrained.
. . . . o The investment trigger is non-monotonic (convex) with g.
0 x5 (q=0.6) <x\ <x7 (g=0.2) <x . nent trigger | ( ) 4
A o 5 (this result is similar to in Boyle and Guthrie, 2003, J.Finance)
o EJ(x) > EA(x) > Ej(x)
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Equity option value with financial constraint parameter g

Concluding remarks

I D I T T I T R R I I I SRR

| o We extend the optimal investment timing problem under
| debt-equity financing by incorporating the debt capacity
constraint.

@ Our conjecture 1: xli\}‘ < xic* < x{}‘:
@ The constrained investment trigger may be smaller than the
unconstrained one.
] o The constrained investment trigger is non-monotonic in the
il financial friction parameter.

1407t = m e mm e e e p e epemmemge oo ® QOur conjecture 2: E3(x) > E2(x) > ES(x
114070 01 02 03 04 05 06 07 08 0932 1 J N( )_ C( )_ U( )
q

o E3(x) > E2(x) > E3(x)

@ The equity option value is monotonically increasing with g

E° (equity option value before investment)




