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New interest rate models have emerged recently in which distributional assumptions are
made directly on financial observables. In these “Market Models” the Libor rates have
a log-normal distribution in the corresponding forward measure, and caps are priced
according to the Black—Scholes formula. These models present two disadvantages. First,
Libor rates do not in reality have a log-normal distribution since the implied volatility
of a cap depends typically on the strike. Second, these models are difficult to use for
pricing derivatives other than caps. In this paper, we extend these models to allow for a
broader class of Libor rate distributions. In particular, we construct multi-factor Market
Models that are consistent with an initial cap smile surface, and have the useful feature
of exhibiting Markovian Libor rates. We show that these Markov Market Models can be
used relatively easily to price complex Libor derivatives, such as Bermudan swaptions,
captions or flexi-caps, by construction of a tree of Libor rates.

Keywords: Interest rate term structure, HJM theory, market models, BGM models,
implied libor trees.

1. Introduction

Brace et al. [2], Jamshidian [13], and Musiela and Rutkowski [15], following earlier
work by Sandmann and Sondermann [17], Goldys et al. [8], Musiela [14], Sandmann
et al. [18], and others, have shown that there exists at least one HIM term structure
model, called the Market Model, in which a given set of forward Libor rates with
non-overlapping accrual intervals can be assumed log-normal under their respective
forward measures. This paper offers an extension of this result. Given a set of IV
predictable functionals o; satisfying some mild conditions, we show in Sec. 2 that
there exists at least one HJIM term structure model in which a given set of N for-
ward Libor rates with non-overlapping accrual periods have the functionals o; as
their respective local volatility vectors. We derive this result by use of martingale
techniques. In this generalisation of the BGM model, the local volatility vectors
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o; of the forward Libor rates are allowed to be path-dependent. We note that this
result can also be derived via the method of Brace, Gatarek and Musiela based on
stochastic differential equations (cf. [2]). In Sec. 3, we construct multi-factor Markov
Market Models for which the forward Libor rates are deterministic functions of a
Markov process. These arbitrage-free models can be calibrated against an initial
volatility smile surface for caps. We construct the Markov Market Models using the
method of “undetermined numeraire” introduced in [9] and by use of discrete mar-
tingale techniques. A construction based on stochastic differential equations as in
[2] is in principle possible, but in practice difficult, since the marginal distributions
of the Libor rates are exogenous to the model. The Markov Market Models are
constructed by specifying the marginal distributions of the Libor rates, as opposed
to specifying the volatility of the forward Libor rates as in [2].

In Sec. 4, we show how to implement one-factor Markov Market Models in
a single tree, thus allowing the pricing of Bermudan swaptions and other Libor
derivatives under different smile assumptions for the Libor rates. In Secs. 5 and
6, we review two path-dependent one-factor Market Models with log-normal and
square-root volatility respectively. We derive for both models analytical formulae
for caplet prices.

In what follows we shall use bold characters to denote n-dimensional vectors
and plain characters to denote scalars. The scalar product between the two vectors
A and B is denoted AB. We work in a standard setting whereby future uncertainty
is modelled by a probability space (2, S, P) with a filtration = {S; : ¢ > 0}
where ¢ = 0 represents the present. We shall assume the filtration to be generated by
a standard n-dimensional Brownian vector W, with independent components. We
write EtQ for conditional expectation under a probability measure (). All probability
measures considered here are equivalent on null sets, in the usual sense, to the
measure P, and thus admit a Radon derivative with respect to P.

We denote by Py, the value at time ¢t of a discount bond maturing at time
b > t. We assume that for each given value of the maturity date the process Py
is a continuous (S, P)-semimartingale. The one-parameter family of discount bond
price processes {Py : t < b} is called an interest rate system. Following Geman,
El-Karoui and Rochet (cf. [11, pp. 291-304]), we define interest rate systems that
are complete and arbitrage-free as follows.

Definition 1.1. An interest rate system { Py : t < b} is complete and arbitrage-
free over the interval [0, T'] if and only if there exists a unique probability measure
Q(P.7) such that the ratio of any discount bond price Py to Pir is a Q(P.r)-
martingale on [0,b A T1.

With the addition of some further technical conditions to ensure good behaviour
for the instantaneous forward rates, Heath, Jarrow and Morton [10] gave a general
characterisation of the interest rate systems that are arbitrage free and complete.
For the purpose of this paper we adopt a slightly more general point of view,
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and simply define an HJM model on [0,7] to be an interest rate system that is
arbitrage-free and complete on [0, T].

The probability measure Q(P.7) is the T-forward probability measure or ter-
minal measure introduced by Jamshidian in the context of Gaussian interest rate
models (cf. [11, pp. 161-190]). We show in Lemma 1.1 that the existence of the
T-forward probability measure implies the existence, for each maturity b, of a b-
forward probability measure Q(P.;) associated with the numeraire Pip.

Lemma 1.1. Let {Py : t < b} be an HIM model over [0,T]. For any real b, we
define the probability measure Q(P.,) according to the scheme

EQ(PT) {dQ(P-b)} _ PorPy .
¢ dQ(P.r) Pop Pyt

Then the ratio of any discount bond price P, to Py is a Q(P.y)-martingale over
the interval [0,a A b].

(1.1)

Proof. Equation (1.1) defines a probability measure Q(P.;) that is null-equivalent
to Q(P.7). Consider s and ¢ in [0, a A b] such that s < ¢. Then we observe that

EQ(P~I>) [&] — EQ(PT) |:dQ(Pb) &:| POstT

b ? dQ(P.7) Py, | PorPa
_ QP [ﬁ&} Dsr _ Do (1.2)
? P Py | Py Py

Hence the ratio of the discount bond price Py, to Py is a Q(P.p)-martingale over
the interval indicated. This shows that Q(P.;) is the b-forward measure. O

Consider a partition of the interval [0, 7] into N + 1 non-overlapping intervals
[ti, ti+1] such that to = 0 and ty41 = T. For simplicity, we abbreviate Py, to Py
in appropriate contexts. We denote by L;; the forward Libor rate for the accrual
period [t;, t;+1]. This forward Libor rate is the par rate associated with a forward
rate agreement (FRA) that sets at time ¢; and pays at time ¢;41 the interest earned
over the designated accrual period [t;,t;41]. This par rate is

1 [Py — Py
Ly = — (24—t 1.3
" < Pyt (13)

where §; is the accrual length associated with [t;,¢;11] and the appropriate day
count convention.

We denote by p the space of S-predictable processes defined on [0, 7], and by
p™ the space of S-predictable n-dimensional vector processes. Let @’ be a subset
of p. A functional o : [0,T] x ' — " is called a predictable functional o. Such
a functional maps a predictable process into a predictable vector process (cf. [16,
p. 349]). Suppose that A is a predictable vector process in p™. Then a simple
example of a predictable functional is the functional that maps a predictable process
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X to the vector process Y defined by Y; = X;A; for ¢ in [0.7]. This functional is
defined for all X such that Y is a predictable process.

Definition 1.2. A predictable functional o is volatility-realizable iff for any x > 0
and for any probability measure ) equivalent to P, the following stochastic dif-
ferential equation has a unique strong non-negative solution X (¢) defined on [0, T
satisfying the initial condition X (0) = z:

dX (t) = o(t, X)dWE (1.4)

and

T
E° /0 o(s,X)%ds| < o0, (1.5)

where W? is a n-dimensional ()-Brownian vector.

Now consider N predictable functionals o; with 1 < ¢ < N. We say that this set
of functionals is volatility-realizable if and only if each functional o; is volatility-
realizable.

Lemma 1.2. Let m;(0) with 1 < i < N be N positive real numbers, and let o;
with 1 < i < N be N predictable functionals satisfying the volatility realizability
conditions. Then there exists a unique set of N + 1 probability measures Q; for
0 <i< N, with Qn = P, defined by the following system of equations:

dQi—1 14 dmy(t;)
dQ); 1 +5imi(0)

(1<i<N), (1.6)
where

ma(t) = mi(0) + /0 os(5,m) AWD | (1.7)

Proof. Using the conditions satisfied by the volatility-realizable functional oy, we
define a P-martingale my on [0, 7] such that

dmN :a'N(t,mN)th, (18)

where W, is a P-Brownian vector. This martingale takes only positive values. Now
suppose we write P = Q. Then we can define a probability measure Qx_1 such

that
d@n-1 1+ dnmy(tn) (1.9)
dQn 1+ 5NmN(0) ' ’

From the volatility realizability condition, we deduce that there exists a Qn_1-

martingale my_1 satisfying

dmy_1(t) = on_1(t,my_1)dWIN " (1.10)
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where W,V is a @ y_1-Brownian vector. Since the above Qy_;-martingale is
positive, we can define a probability measure Qn_o equivalent to P as follows:

dn-—2 1+ Sn—imny—1(tn-1) (1.11)
dQn-1 14+dn_1my-1(0) ° '

Finally, we prove Lemma 1.2 by induction on the index 3. O

We note that Lemma 1.2 is proved by use of a backward substitution method.
Lemma 1.2 can thus be extended to cover the case where the volatility functionals
are of the following form (cf. 13):

g; = a’i(t,mi,miﬂ,...,mN).

In the next section, we prove that there exists at least one HJM model defined on
[0, 7] in which the forward Libor rates satisfy

where the processes m; are as in Lemma 1.2. These HIM models are called “Market
Models”. In these models, the primary variables are forward Libor rates rather than
zero coupon bonds.

2. Market Models

Having introduced the necessary preliminary material, we propose a straightforward
extension of the results of [2, 13, 15]. Consider an initial discount curve {d(a) : 0 <
a < T}, together with the specification of N predictable functionals {o; : 1 < i <
N} satisfying the volatility realizability condition. We show in this section that
there exists an HJM model defined on [0, 7] denoted {Py, : ¢t < b} that satisfies
Py, = d(b), and that is such that the forward Libor rates Ly; defined by (1.1) satisfy

dLy; = o(t, L;)dW2 ) (1 <i< N 0<t<t), (2.1)

where Q(P.;+1) is the measure associated with the numeraire P;; 1 as defined in
Lemma 1.1.

By use of (1.3) and the initial discount curve d, we calculate the initial forward
Libor rates Lg; for t = 1,..., N. Using Lemma 1.2, we construct N + 1 probability
measures @; for 0 < ¢ < N and N @Q;-martingales M; for 1 < i < N such that
Qn =P and

dQi—1 14 0;M;(t;)

40, 1+ 0,00:(0) (1<i<N), (2.2)

where

tAL;
Mi(t) = Ly; +/0 ai(s,Mi)dWS" . (2.3)



166  P. Balland & L. P. Hughston

Let m; be the continuous non-negative semimartingale defined, for ¢ in the range
[ti—1,ti], by

1 N 1

14 Salit) N (8-1) j=i L+0;M;(t)°

ti—ti—1

(2.4)

my

for 1 <7 < N + 1. A financial interpretation can be found in [13]. Then we define
N + 1 processes P;; according to the scheme

N

Pi=m [J(1+6;M;(t) (0<t<t;, 1<i<N),
j=i

PtN+1:mt (OStST)

(2.5)

The processes P;; are strictly positive, satisfying P;; = 1 and Py; = d(¢;), and
thus define a model on [0, ¢] for the prices of zero coupon bonds that mature at times
t1,...,tn,T. This model is consistent, by construction, with the initial discount
curve. The associated forward Libor rates L;; satisfy

1 (P — Py .
Lti_<t7t+1>Mi(t) (0<t<T,1<i<N). (2.6)
d; Py

Now we show that this model is arbitrage free on [0,7], or equivalently that
the ratio of P;; to P;r = P; ny1 is a P-martingale for all i. Let us first prove the
following result.

Lemma 2.1. For 0 <i < N, the processes Py; satisfy

B {in] _ PorPrita
A =
dQn Pyiv1Per

(0<t<ti). (2.7)

Proof. Equation (2.7) clearly holds for ¢ = N. Suppose now that (2.7) holds for
i = j + 1. Then, by use of (2.2) and (2.7) we have

E, [de] _ B [de-H dQ; ]

dQn dQn dQj+1
_ Qi+ dQ; dQj+1
-5 (i) B [

_ 14 0j41L¢ j41 Por Py jyo
1+ 0j41L0j54+1 Poj+2Pr

PorPy
_ SoTftg4l (2.8)
Poji1Pir
Hence Eq. (2.6) holds for ¢ = j. By induction, it holds for all 4. |

As a consequence of Lemma 2.1, we conclude that the ratio of P;; to Pir is
a P-martingale up to t; and for j = 1,..., N. Hence, we have proved that the
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model defined by Eq. (2.5) is arbitrage free. Comparing Egs. (1.1) and (2.7), we
conclude the probability measure (); is a martingale measure associated with the
numeraire Py 1.

The ratio Py;/P,;r is a non-negative P-martingale for 1 < ¢ < N 4+ 1. Using
Eq. (2.5) we derive the following representation of these ratios in the form:

P Poi < / ’ 1 / b2 )
= exp | — Q,dW, — = Qds ), 2.9
P Por ¥ 0 2 /o (2.9)
where the predictable vector processes €2; are given by
TS
Q= — ot Ly). 2.10
¢ kz:; T k(t, L) (2.10)

By linear interpolation on the maturity index, we can construct a one-parameter
family of predictable vector processes {A¢, : ¢t < b} such that Ay, = Qy; for 0 <@ <
N +1 and such that the one-parameter family of vectors {A¢, : ¢ < b} has maximal
rank for all ¢ in [0,T7], i.e. only the null vector is orthogonal to all vectors of this
family. Finally, we define the following interest rate system on [0, T:

POT 2
This interest rate system defined on [0,7] admits P as a T-forward probability
measure. The measure P is in fact the unique T-forward probability measure since
the vector family {As, : t < a} has maximal rank at all time ¢ in [0, T]. Hence, this
interest rate system is complete and arbitrage-free on [0, T]. Moreover, the forward
Libor rates associated with this HIM model satisfy (2.1). Summing up, we see that
the following result has been established.

Py, ¢ 1/t
Py = mi—2 exp (—/ AgqdW 4 — —/ Aiads> 0<t<T,t<a). (2.11)
0 0

Proposition 2.1. There exists at least one HIM model defined on [0,T] for which
the forward Libor rates satisfy

dLy; = o(t, L;)dW2 ) (1 <i< N o<t<t), (2.12)
where Q(P.;11) is the martingale measure associated with the numeraire Py ;i+.

Using the extension of Lemma 1.2 proposed in the previous section, we can
prove that there exists also an HJM model such that

dLy = oi(t, Li, Lip1, ..., Ly)dWEE ) (1 <i< N, 0<t<t). (2.13)

As a direct consequence of this result, we are able to make the following

remark (cf. [13]).

Corollary 2.1. The forward Libor rates Ly; defined by dLy; = o4(t, Li)thQ(P'i“)
satisfy the stochastic differential equations

N
;0 t,L;)o;(t, L; .
dLy=0oi(t, L)dW,— > 27 (1 5)_'2](_ Dgp (0<t<t,1<i<N) (2.14)
j=i+l +0j g

under the probability measure P.
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We note the similarity between (2.14) and the HJM drift adjustment formula
for instantaneous forward rates under the terminal measure (cf. [10]).

Proof. Define the density martingale p;; according to the scheme

. dQ; 14 8;01L4s
Pti = EtQHA [ 2 ] = RRESULS . (2.15)
dQit1 1+ 6ir1Loit1
Then, we deduce that
dpti 5¢+1 Qi
=——"0i1(t, Ly ) AW, 2.16
P ey +1(t, Lit1)dW, (2.16)
It follows from the Girsanov theorem that
- ; it1041(t, Ly
qw @ — qwn _ St Livy) o) (2.17)
1+ 0ir1Liit
Adding these equations, and using WtQ N =Wy, we get
N
d;0:(t,L;)o;(t, L,
dLy; = oi(t, L)dW, — Y 27 (t, La)o(t Lg) oy (2.18)
j=it+1 1+0;Lt; O

The ith volatility functional o; depends on time and on the ith forward Libor
rate path L;. It is possible as we mentioned earlier to choose this volatility func-
tional also to depend on the paths of the successive forward Libor rates, i.e. on
Liy1,...,Ly. Doing so may allow calibration of the model to cap and swaption
smiles that are “compatible”. Further discussion of this topic is, however, beyond
the scope of the present paper. In Secs. 5 and 6, we give two examples of volatil-
ity functionals. In Secs. 3 and 4, we show how to construct a Libor tree from
caplet smile.

As pointed out in [13] and [15], the system of stochastic differential Eq. (2.14)
is not easy to solve numerically, and a Monte Carlo method has to be used in
general. See [7]. As a consequence, the pricing of derivatives on forward Libor rates
with American features such as Bermudan swaptions or flexi-caps is difficult if not
impractical. See [7, 13, 15].

In the next two sections we show how to construct Market Models with Marko-
vian Libor rates for which a single tree of Libor rates can be constructed. In these
models, derivatives on forward Libor rates such as Bermudan swaptions and flexi-
caps can be priced using a tree of Libor rates which can be calibrated to an initial
caplet smile surface.

3. Markov Market Models

Here we consider Market Models for which the N Libor rates are driven by N
Markov processes defined under the T-forward probability measure. Markov Market
Models with low dimension, i.e. for which the correlation matrix of the Markov pro-
cesses has a low rank, can be implemented efficiently using standard tree techniques.
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In the next section, we review a tree implementation of a Markov Market Model
driven by N Markov processes that are perfectly correlated. Markov Market Mod-
els with high dimension can be implemented using the stochastic mesh introduced
in [4].

In this section, we show how the Markov Market Models can be calibrated
against an initial Libor smile surface thus allowing the pricing of complex Libor
derivatives under various correlation and smile assumptions.

Denote by Cy(t;, ti+1, K) the price at time ¢ of a caplet set at time ¢; and paying
max(L¢,; — K,0) at time ¢;11. We shall construct a family of forward Libor rates
that is arbitrage free, Markovian and consistent with an initial set of arbitrage-free
caplet prices given by Co(t;,ti+1, K) for 1 < ¢ < N, where K is the strike. Note
that the term and strike structure of caplet prices can be implied from the term
and strike structure of cap prices, providing, of course, that the cap prices cannot
be arbitraged. If the caplet prices present no smile then each Libor rate Ly,; is
log-normally distributed under the measure Q(P.;+1). This case corresponds to the
Market Model introduced in [2, 13, 15]. Let us first introduce some notation and
take note of some preliminary results.

Definition 3.1. The family {Z; : 1 <¢ < N} of P-Markov processes is probability-
realizable if the cumulative distributions of the random variables Z;,; under P are
continuous functions that are strictly increasing on A.

Consider N non-zero vectors {p; : 1 < i < N}. Then a simple example of a
family of Markov processes that is probability-realizable is the family defined by
Zi = p;Wh.

To proceed we first derive a set of four lemmas for later use. In what follows
x{S} denotes the indicator function for the event S. The first lemma relates the
caplet prices and the forward probability distributions of the corresponding Libor
rates. This result was first derived by Breeden and Litzenberger [3] and then used
by Dupire [5] in the context of equity options.

Lemma 3.1. Under the assumption of no arbitrage, there exists a martingale mea-
sure Q(P.;+1) associated with the numeraire Py ;11 as defined in Lemma 1.1. Denote
by D;(x) the cumulative distribution of Ly,; under the measure Q(P.;4+1). Then pro-
viding the initial caplet prices are smooth functions of the strike, we have:

’ 9 (Co(ts,tiy1, K)
Dy(z) = EQT I [y {Ly,; — 14— (b ) ) 1
@) = BT L <ol =14 g (R ) @)

These functions are increasing under the assumption of no arbitrage.

Proof. Since we assume no arbitrage, the ratio of Ci(t;,¢i+1,K) to Pi;y1 is a
Q(P.i+1)-martingale on [0,t,11]. It follows that
Co(tistiv1, K)

P.;
Py, = BgPH[(Lyi — K)*]
041

= / +O°(a: — K)ECP )\ (L, e dz}]. (3.2)
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Differentiating this relation with respect to K, we obtain

0 Co(ti,ti+1,K) Q(P.is1)
— | =22 ) = gt L;; > K}], 3.3
oK < Poitt X{Lti > K} (3.3)
from which it follows that
0 C()(ti,ti_'_l,K))
Di(z) =1+ — ( 2\ tidh, 2) . 3.4
(@) 0K < Poit1 K (34)

Since a cumulative probability distribution must be increasing, we conclude
from Eq. (3.4) that the caplet prices must be convex functions of the strike, since
otherwise there would be an arbitrage opportunity. This arbitrage could be realised
by being long a butterfly (cf. [5]). m|

Given a cap smile surface, we can derive a caplet smile surface providing that
the cap prices are consistent with the no arbitrage assumption. From a caplet
smile surface, we obtain the distribution of the Libor rates L;,; under the probabil-
ity Q(P.;+1) using the previous lemma. We note however that the distribution of
the Libor rates under a unique probability distribution cannot be implied without
further assumptions.

In the next lemma, we show how to construct a random variable X that has a
prescribed cumulative probability distribution D under a given probability measure
Q. This lemma will be used to prove Lemma 3.4 below.

Lemma 3.2. Let D be a continuously differentiable probability distribution. Let Y
be a random variable with distribution C under probability measure Q) such that C

is a strictly increasing continuous function defined on R. Then the random variable
X defined by

X =D1CY)) (3.5)
has probability distribution D under Q. The function D™ is the inverse of D.

Proof. We denote by Ip the open set in R in which the derivative of D is strictly
positive.

ID:{zeiR:%(z)>0} (3.6)

The cumulative distribution D is thus constant on R \ Ip and the inverse of D
maps (0,1) onto Ip. The random variable X defined by (3.5) belongs thus to Ip.
Hence, the probability that X belongs to any subset of R\ Ip is zero under the
measure Q. We define zg = inf{z : z € Ip}. For a real x > x, we define

d(z) =sup{z: D(z) < D(z)}. (3.7

We can prove that d(z) satisfies d(z) < z, (d(x),z) C R\ Ip and D(d(x)) = D(z).
We now show that the probability that X belongs to the interval (—oo, z) under Q
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is given by D(z) for arbitrary z. If < z( then this probability is equal to zero as
well as D(z). Otherwise, we have

E9D{X < a}] = B9{X < d(@)}] + E?[{d(z) < X <z}], (3-8)

where the last expectation is equal to zero as previously explained. Since the func-
tion D is strictly increasing on Ip, we have

E°D{X < d(2)}] = E°[X{D(X) < D(x)}] = E°X{C(Y) < D(2)}]. (3.9)

The function C~1! is strictly increasing on (0,1) and C~1(C(Y)) = Y. Therefore,
we obtain

E{C(Y) < D(2)}] = C(C™H(D(x))). (3.10)

It follows that EQ[x{X < z}] = D(z). |

Since the N processes Z; are Markov processes, we have the following result.

Lemma 3.3. Let Z; be P-Markov processes for 1 < i < N. Let g be a function
of N wvariables such that E[g(Zp1,...,ZpN)] < 0o for some real b > 0. Then there
exists a function f of N 4+ 1 variables such that

Ea[g(Zbla-"»ZbN)]:f(a’»Zala-"»ZaN) (agb) (311)

The following lemma is crucial to the proof of Proposition 3.1. It is instructive
to consider the difference between Lemma 3.4 and Lemma 1.2. Lemma 3.4 defines
the forward Libor rates M;(t) = E2*[M;] as Markovian @Q;-martingales that have
the prescribed distributions D; under @; at time ¢;, while Lemma 1.2 defines these
Q;-martingales as the strong solutions of a set of stochastic differential equations.

Lemma 3.4. Given N continuously differentiable distributions D; vanishing on
(—00,0) for 1 < i < N, there exist N + 1 equivalent probability measures Q; for
0 <i¢ <N, with Qn = P, N random variables M; € Sy, and N functions g; for
1 <1i < N, such that

dQi—1 1+6M;

dQ; 1+ 6,EQ[M;)’ (3.12)
M; = g:(Zui). (3.13)
E9\{M; < z}] = D;(z), (3.14)

where 1 <i < N and {Z; : 1 <i < N} is a probability-realizable family of P-Markov
processes.

Proof. First we set @y = P. Then following Lemma 3.2, we define the random
variable My € 3y, by the formulae:

gn(z) = Dg,l(EQN[X{ZN(tN) < z}]) and My = gn(ZtyN), (3.15)
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The random variable My has cumulative distribution Dy under P and satisfies
Eq. (3.14). Next, we define the probability measure Qn_1 as follows:

d@Qn—1 1+ Myon ‘ (3.16)
dQn 1+ E[MN]éN
We have thus constructed a measure Qx—_1, a random variable My, and a function
such that Egs. (3.12), (3.13) and (3.14) hold.

Suppose now that we have constructed the probability measures Q;_1,...,
®@nN-—1, the random variables M;,..., My and the functions g;,...,gn such that
Egs. (3.12), (3.13) and (3.14) hold. Let us construct Q;_2, M;_1 and g;—1 such that
Egs. (3.12), (3.13) and (3.14) hold. We define the random variable M;_; as follows:

gi-1(2) = DIy (BY [\{Z;,_, (i1 = 1) < 2})), (3.17)

My = gi1(Zy,_, (i = 1)). (3.18)

By application of Lemma 3.2, we conclude that this random variable satis-
fies (3.14). This shows that M,_; satisfies (3.13) and (3.14). By use of Eq. (3.12),
we construct the probability measure @;_o. Finally, we have constructed the prob-
ability measure @;_o, the random variable M;_; and the function g;_; such that
Egs. (3.12), (3.13) and (3.14) hold. By induction, we prove Lemma 3.4. O

Using Lemma 3.3, we can prove by induction that there exist N functions f;
such that

Having established the necessary preliminary lemmas, we can now prove the
following result.

Proposition 3.1. There exists at least one HIM model that is consistent with the
initial set of caplet prices Co(ti,ti+1, K) for 1 < i < N, providing that the caplet
prices are arbitrage-free, are C? functions of the strike, and are such that for all

negative K, they satisfy the relation OxCo(ti,ti11, K) = —1. Among these HIM
models there is at least one that satisfies for
Li,i = 9i(Z1,i) and Lyi = fi(t, Zsis - -, ZiN) (3.20)

for 1 <i < N, where g;, f; are real functions and {Z; : 1 < i < N} is a probability-
realizable family of P-Markov processes.

Proof. Using Lemma 3.1, we derive the cumulative probability distribution D;(x)
of L;,; from caplet prices or caplet implied volatilities as follows:

o100 (Colti,tir, K)
Dz(ac)_l—i—aK( el N (3.21)

We have assumed that

O Co(tirtip1, K)=—1 (k<0). (3.22)
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Therefore, the Libor rates are almost surely positive. Note that we only need to
impose that (1 + 6;L;) remains strictly positive. Since the caplet prices are C?
functions of the strike, we conclude that the forward cumulative distributions D;
of the Libor rates are continuously differentiable functions.

Using Lemma 3.4, we construct N + 1 probability measures Qo,...,Qn with
QN = P and N random variables M, ..., My such that

dQi—1 1+6M;

dQ; 1+ 6E[M;)’ (3.23)
M; = gi(Zea), (3.24)
EQi[x{M; < z}] = Di(z), (3.25)

for 1 <4 < N. We define M;(t) = E? [M;]. We note that E?:[M;] = Lo; and that
Ml(t) = fi(t7Zti7---7ZtN)- (326)

Since M;(t) is a non-negative Q);-martingale, M;(t) can be represented as follows:

t 1 t
Ml(t) = LOi exp </0 O'sidWSQi - 5/0 G?id8> 5 (327)

where oy; is a predictable process and 1 < ¢ < N. Applying Proposition 2.1 to
the set of N predictable functionals (X;); — (04 X:): which satisfies the volatility
realizability condition, we deduce that there exists at least one HJM model that
is such that Ly = M;(t) and Q(P.;4+1) = @;. This HIM model is therefore consis-
tent with the initial caplet prices and satisfies (3.18). That concludes the proof of
Proposition 3.1. O

We have thus constructed Market Models in which the forward Libor rates are
deterministic functions of a probability-realizable family of P-Markov processes.

4. Implied Libor Trees for Markov Market Models

In this section we review a tree implementation of a one-factor Markov Market
Model for which forward Libor rates are deterministic functions of a single Brownian
motion. p-factor Markov Market Models can be implemented using N Brownian
motions having a correlation matrix with rank p.

The algorithm presented below allows the pricing of complex Libor derivatives
under different Libor volatility smile assumptions.

We first construct a trinomial tree that approximates the values of the Brownian
motion W. This trinomial tree is constructed using a mesh with time mesh 75 in
[0, T]. This mesh contains the Libor setting dates ¢; defined in the Sec. 1. Note that
there are more time meshes than time grids for reasons of accuracy.

We denote by W(t) the trinomial process approximating the P-Brownian motion
W (t) in the limit of zero mesh-size. The trinomial process is defined for all time



174  P. Balland & L. P. Hughston

meshes 7 and thus, for all time grids ¢;. We label the values of this trinomial
process at a given time mesh using an integer j with the convention that increasing
j corresponds to increasing values of the trinomial process.

We denote by v; the implied volatility for an at-the-money caplet with setting
date t; and payment date t;11. We populate each tree layer corresponding to a grid
date t; with the following P-log-normal random variable:

Ly,i(j) = Lo; exp <VZ-WE.( ) — ;J/Zt> (4.1)

By forward induction, we compute for each time grid ¢; and each state j the
probability ¢, (j) that the trinomial process with initial value zero takes the value
Wi, (4) at time t;.

The algorithm consists in modifying the log-normal random variables IA/“ to ob-
tain Libor rates L;,; that have the distribution D; under the corresponding forward
measures (); and implied from the ith caplet smile.

We initialise the algorithm by use of Lemma 3.2, with

LtNN(j) = Djtfl(CN(i’tNN(]))) ) (4'2)
where Dy is the cumulative distribution of the Nth Libor rate under the probability
measure Qn = P, and Cp is the cumulative distribution of the P-log-normal

random variable IA/tN ~ under P. The cumulative distribution Cx can be obtained
using the tree. Indeed, we have

On(Liyn(5)) = Pr{Wiy < Wiy ()} = Y mun (k). (4.3)
k<j

We calculate the Nth forward Libor rate L, = Ei[L:yn], by backward induc-
tion and finally, we calculate the Radon Nikodym derivative

B |:dQN1:| (j) = 1+6nLin(j)
"l dQn ~ 1+0nLon

where E is expectation under the probability measure Qn = P. We obtain the

(4.4)

previously set Libor rates by use of the following algorithm initialised with i = N—1.

Step 1. Having obtained the value of E;[dQ;/dQn] for all states j and time ¢t = ¢;,
we calculate for each state j the cumulative distribution Cj(z) of Ly,; under the
measure @;, and the cumulative distribution C;(z) of I:m under the measure Qn =
P. The values of these cumulative probability distributions at the nodes of the tree
are given by

0)) = k), (4.5)

k<j

dQ;
Ci(Le,i(j ; m, (k) By, [ y QN] (k). (4.6)
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Step 2. Following Lemma 3.2, for each state 7 we define
Lei(§) = DM (CilLei(4))) - (4.7)
Equation (4.7) can be solved numerically by interpolating the increasing discrete
curve (DZ(IA/“(])), f/tl(])) at the abscissae CA’Z(IA/“(j))
Step 3. We then use the relation
B, || _p [ 99| 14 0iLui
" d@n " ldQN] 1+ 6iLoi

By backward induction, we calculate F;[dQ;_1/dQN](j) for all states and time step
t=t;.

(4.8)

Step 4. Go back to Step 1.

The algorithm just presented provides a tree of forward Libor rates under
the terminal measure @n. Once the tree of forward Libor rates is constructed,
the price of complex Libor derivatives can be calculated using the terminal mea-
sure P as pricing measure and the discount bond price P;7 as numeraire. Numerical
results obtained using this algorithm may be reported elsewhere. It is also possible
to check that for any strike K the price of a caplet with setting date ¢; is given
approximately by the Black—Scholes formula, by calculating

dQ;
dQn

com,tz-ﬂ,K)Pomz_mmi[ ](j)(Ltixj)K)*. (4.9)

5. Market Model with Log-normal Volatility

In Sec. 2 we constructed arbitrage-free Market Models that are specified via the
volatility functionals of forward Libor rates. In this section and the next, we give
examples of one-factor Market Models defined via the volatility of the forward
Libor rates. These Market Models are path-dependent, and a tree implementation
is not possible. A “recombining” Monte Carlo method, such as the stochastic mesh
method described in [4], must be used to price complex Libor derivatives using
such models. The number of state variables of a one-factor path-dependent Market
Model is NV, and thus the amount of work involved is the same as if we were using
a N-factor Markov Market Model.

Using the notation introduced in the previous sections, we consider IV strictly
positive bounded functions «;(t). Using Lemma 1.2, we define N probability mea-
sures @;, with, Qny = P and N @Q;-martingales M;(t) according to the scheme

dQi—1 1+ 0;M;(t;)

dQ; 1+ 6:M;(0)° (5-1)

Mi(t) = Los + / " s(s) M (5)dW @ (5.2)
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where 1 < i < N. Here W,** is a Q;-Brownian motion. We note that M;(t) is strictly
positive. Therefore the set of N predictable functions (X;); — (o, (t)X:): satisfies
the volatility realizability condition. Applying Proposition 2.1, we conclude that
there exists an HJM model defined on [0, 7] for which the forward Libor rates Ly;
are equal to M;(t). Under these assumptions, the initial price of a caplet denoted
Co(t;, ti+1, K), with setting date ¢; and payment date ¢;1, is given by

OO(ti»tiJrl» K) = P01'+1Eg?i [maX(O, Lt”' — K)] . (53)

Since Ly,;; is the exponential of a ();-normal random variable we conclude that
the price is given by the Black—Scholes formula. This Market Model was first intro-
duced in [2, 13, 15].

6. Market Model with Square-Root Volatility

In this section, we analyze a Market Model for which the forward Libor rates
have a square-root volatility. In particular, we derive an efficient algorithm for
pricing caplets based on a Gaussian quadrature scheme. We note, however, that
a “recombining” Monte Carlo method, together with Eq. (2.10), must be used to
price other Libor derivatives.

Using Lemma 1.2, we define a set of N + 1 probability measures Qo,...,Qn
and a set of N Q;-martingales M, ..., My according to the scheme

dQi—1 1+ 0;M;(t;)

40, ~ T 6.00) (6-1)

M;(t) = Lo; + /0 ai(s)\/ M;(s) dWS: | (6.2)

with Qx = P. Here WtQ" is again a @;-Brownian motion, and «; is a bounded
strictly positive function defined on [0,¢;]. Let us now show that Proposition 2.1
is applicable.

Lemma 6.1. The Q;-martingale M;(t) exists, and is given by the time-change of
the square of a Bessel process with dimension zero.

Proof. We recall that the square of a Bessel process in (2, <, Q;) with dimension
¢ and with initial value Lg; is the unique solution of

t
Z :L0i+2/ V ZsdW? + 6t . (6.3)
0
Properties of such processes, which are necessary positive, are discussed in [16,
p. 421]. Now we define the strictly increasing functions ¢; by

Silt) = i /O i (s)2ds (6.4)
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We denote the inverse of ¢;(t) by fi(t). Define the process m;(t) by
1 .

From the Dubins—Schwarz theorem (cf. [13, p. 173]) we conclude that m;(t) =
Bi(#i(t)), where B;(t) is a @Q;-Brownian motion adapted to the filtration
$ = {84,y : t > 0}. Consider the S-adapted square Bessel process Z;(t) with
zero dimension defined by

Zz(t) = LOi + 2 /Ot vV Zl(s) dBl(S) . (66)

It follows that

The process Z;(¢i(t)) is S-adapted and satisfies the stochastic Eq. (6.2). Since this
Equation admits a unique strong solution by standard results (cf. [16, p. 371]), we
conclude that M;(t) = Z;(¢(t)). Hence M;(¢) is the time-change of the square of a
Bessel process of dimension zero. O

Using Proposition 2.1, we conclude that the assumption Ly; = M;(t) does not
imply an arbitrage, and that there exists an HJM model in which the forward
Libor rates Ly; are equal to M;(t). Since M;(¢) is the time-change of the square of a
Bessel process with dimension zero, we know the probability density of M;(t) and
thus of L;(t).

Proposition 6.1. Fort > 0, the random variable L;(t) has the following distribu-
tion under Q;:

+oo
P {Ly(t) > Y | Li(0)} = / pilt,2)dz (V> 0), (6.8)
VY
with
v/ Lo; —V/Lo;)? vyLo;
pz(tay) = 7Oexp [M} K |: Y0 :| ) (69)
2¢i(t)\/y 26i(t) i(t)
where K;(z) = e”*I;(z), and I; is the modified Bessel function of indez .
Recall that I; has the following integral representation (cf. [1, p. 270]):
1 s
L(z) = —/ e”“Steostdt . (6.10)
T Jo

We note that zero is an absorbing point for L; and as a consequence, the prob-
ability distribution of L;(t) has a mass at zero (cf. [16, p. 423]). The probability
that L;(t) is zero is indeed non-vanishing, given by

Pr@{Li(t) = 0| L;(0)} =1 — /M Pi(t,z)dz > 0. (6.11)

0+
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After calculation, we obtain

Pr@ {L;(t) = 0} = exp <_L"(O)> .

2¢i(t)
Proof. The result is obtained directly using Lemma 6.1 and the probability density
function of the square of a Bessel process of dimension zero (cf. [16, p. 422]). O

Equation (6.8) can then be used, for example, to calculate the price of a caplet.
Indeed, at t = 0 the price of a caplet with setting date ¢; and payment date ;11 is

Co(titiy1, K) = P0i+1E0Qi [(Li(t;) — K)*]

—+o0
= Poit1 / (y — K)pi(ts,y)dy . (6.12)
K
After simplification, we get
Co(ti, tit1, K)
+oo

= 4¢1(t1)P01+1A1/ exp(f(z — Al)z)Kl(QZAl)(Z2 — Bf) dZ, (613)

B;

where A; = \/Lo;/2¢i(t;) and B; = \/K/2¢;(t;). We recall in this connection that
2¢;(t) = %fg a;(s)%ds and Kq(z) = e *I;(x).

The integral in (6.13) can be simplified by use of a Frobenius series for the
modified Bessel function of index one (cf. [1, p. 74]), given by

L) =3~ & 6.14
1(z) = Z 220+ Ipl(n + 1)1 (6.14)
n=0

Substituting this expression for I; into Eq. (6.13), and permuting the integration
and the summation, we get

Co(tistiv1, K)
Poi,
= 2¢,, (A% "B I,(2AB) + ABe " "B [,(2AB) + (A% — B%)F43), (6.15)

where Iy and I; are modified Bessel functions of index zero and one, respectively,
and the function F4p is defined by

400
Fap =2A / exp(—X? — A?)[;(2AX) dX . (6.16)
B

By use of this formula we obtain the following analytical expression for the price of
an at-the-money caplet:

Colti, tiv1, K) = 26(t;) Py A2e™ " =B (In(242%) + I, (2A42)) . (6.17)

The integral for F4p can be rewritten as follows:

+oo
Fap = 2A/ exp(—X?)Gap(X)dX, (6.18)
0
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where
Gap(X) = e A=B=2X(B-A) i (24X + 2AB). (6.19)

From (6.15) we see that approximating the price of the caplet is equivalent to
approximating Fup. When the caplet is out of the money (B > A) we note that
Gap(X) goes to zero for large X. This function has bounded derivatives on (0, 00)
when B > A. Hence we can evaluate the integral (6.18) by use of the Gaussian
quadrature method based on Hermite polynomials, which gives

N
Fap ~24e” AP 3" 0 2B (24¢; + 2AB), (6.20)
i=1
where N is an integer that governs the accuracy of the approximation and N is
usually taken to be less than 20. The coefficients w;, &; depend only on N. These
coefficients can be found in [19]. When N equals 20, the relative error in the above
approximation is of the order 1078. When the caplet is in the money (A4 > B),
the approximation does not perform very well. This is because the function G4p
and its derivative become exponentially large, and thus the error can become fairly
large. Fortunately, we have the following put-call parity relation:

Foa = (1 - Fap) — e U5 K (24B). (6.21)

This expression can be derived by taking the Frobenius series for I;(x) and inte-
grating first over the interval (0, B) and then over the interval (B, +00). By use of
(6.20) and (6.21), we then derive an approximation for the caplet price in the case
where the caplet is in the money. This formula, together with (5.25), provides us
with an approximation for F4p for all A and B, and consequently with an approx-
imation for the price of the caplet. We note that the approximation used in the
case N = 20 is more accurate than achieved by use of Simpson’s rule with 10000

23.5% -
22.5% +
21.5% -

20.5% -

Implied Volatility

19.5% +

18.5% +

17.5% t t t i
-40% -20% 0% 20% 40%

Percentage in the money
Fig. 1. Volatility smile implied by the square-root model for a caplet, with a 10% initial forward

Libor rate and a 20% at-the-money Black volatility. This smile is not as pronounced as the smile
implied by the Hull-White model, for example.
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steps, and that the method is as fast as an analytical expression since it involves
only summing 20 exponential terms.

We conclude with a plot showing the volatility smile implied by the square-
root model for a forward Libor rate of initially 10% and an annual Black—Scholes
volatility of 20%. We note that this volatility smile is not as pronounced as the
volatility smile implied, for example, by the Hull-White interest rate model.
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