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What is the quadratic Gaussian model?

1 X : vector
exp[l// * X + E X * é/X] w . vector

¢ symmetric matrix

B All discount factors and FX indexes are exponential-quadratic
functions of Gaussian variables.

B Consistent, arbitrage-free, multi-factor term structure model.

B An extension of the Hull-White model of interest rates and the Black-
Scholes model of FX indexes.

B Extension provides more flexibility for modelling volatility smile.
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Why the quadratic Gaussian model?

Efficient and robust implementation:

B Simple, closed-form expressions for discount factors and FX indexes.

B Simple, closed-form expressions for the measure changes between
arbitrary terminal measures in any currency.

B Simple, closed-form expressions for vanilla option prices and
common convexity adjustments.
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Why the quadratic Gaussian model?

Models market features:

B Matches market volatility smiles for interest rate and FX index
options.

B Mixture of ‘stochastic volatility’ and ‘local volatility’ characteristics
enables control over the forward volatility smile dynamics.

B Multi-factor model allows mean reversion over different time horizons
and decorrelation between interest rates, FX indexes and stochastic
volatilities.
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Why the quadratic Gaussian model?

X,y : correlated normal variables

exp[W —|— 1 élxy] w,¢: linear and quadratic coefficients
2

p : correlation

Implied Black-Scholes volatility smile Implied distribution of the log of the price
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Why the quadratic Gaussian model?

exp[w><+%§xy]

Implied Black-Scholes volatility smile

X,y : correlated normal variables

w,¢ . linear and quadratic coefficients

p : correlation

Implied distribution of the log of the price

y=0.2, p=0
0.5 i

0.4 -

0.2 -

0.1 | |

0 1 2

(=0 —(=0.05 —=0.1 —=0.15 —=02

y=0.2, p=0

© Nomura International plc




Fixed Income Division m

Why the quadratic Gaussian model?

Euro/Dollar options on 27-Mar-2009 for Sep-2009 and Dec-2009 expiry

Implied Black-Scholes volatility smile Implied Black-Scholes volatility smile
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The quadratic Gaussian distribution
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The measure and expectation groups

X : vector

exp[w ° X + % X ¢ é/X] w . vector

¢ symmetric matrix

B The measure group represents the measure changes generated by
exponential-quadratic functions of Gaussian variables.

B The expectation group represents the conditional expectations of
exponential-quadratic functions of Gaussian variables.

B Measure change and conditional expectation are reduced to purely
algebraic operations.
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The measure and expectation groups

B Define the generators of the quadratic Gaussian model:

X : vector
M vector
o2 . symmetric matrix
w . vector

¢': symmetric matrix

U, £) =X+ XX

()., 090 = Q- E) by gt S - (U-C %) i

+iyo
2‘//

2(1—502)‘1t//—%log det[l— £o”]
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The measure and expectation groups

B The definition is motivated by the relationship:
Eexp[ul(y,$), X]1=exp[n[(w, <), (u,0°)]]
This holds when x has Gaussian distribution Xx~N[(z, c?)].
B The generators simplify when the quadratic coefficient vanishes:

ul(w,0),x] =y - X .
n[(w.,0), (i, 0%)] = YRty oy



Fixed Income Division m

The measure group

L vector

o2 . symmetric matrix
a : vector

w . vector

B The generators satisfy the algebraic relationship: £+ symmetric matrix

n[(a+y,$). (1,0)]-nlw, <), (1,0)]=uMI(y,{)]e (1, 0%),a]

B The measure group action is defined by:

M[m]o( uzj :((1—0 &) (u+o w)]
) \o (1-c°¢)'o

B The action simplifies when the quadratic coefficient vanishes:

(),
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The measure group

B Suppose that x has distribution x~N[(z, 0% )] in the measure E. Define
the equivalent measure E* via the Radon-Nikodym derivative:

dE” _ exp[u[(y, ). x]]
dE ~ Eexp[u[(y.<).X]]

Then x has distribution x~N[M[(w,¢)]°(x,0%)] in the measure E*. This
can be seen from the characteristic functions:

Eexp[e - X] =exp[ul(u,0°), &]]
E" expla - x]=exp[ulM[(y,{)]e (1, 0°), ]

B The transformation of the coefficients is given by the measure group.
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The measure group

B Vanilla payoffs are modelled as linear combinations of exponential-
guadratic functions of a Gaussian variable x~N[(,o?)] in the pricing
measure E.

B The option price generalises the Black-Scholes formula:

eXp[U[(W-,g-),X]] + [
E() A — =>» AE (xeD
2 'EeXp[U[(wi,é),X]]) 2,AE (xeD)

where Xx~N[M[(w,£)]°(1, 062 )] in the measure E' and D is the domain:

exp[u[(w:, &), X]
eD)= A 21 0
(€ D)= QA ity )l
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The measure group

B The composition rule for the measure group is:
4 W, W, TV,
- ¢, 61165

B The inverse for the measure group is:

(z-mi o)
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The expectation group

A : vector

B : matrix
32 ; symmetric matrix
w . vector

B The generators satisfy the algebraic relationship: & symmetric matrix
n[(y, $). (A+Bx,Z5)]-nl(y, $). (A Z*)] = u[E[(A B,X")]o (v, <), X]

B The expectation group action is defined by:

A )
il B ]{Wj:[B (1—522)1(4A+l//)]
g2 (&) | B'(-¢z%)7*¢B
<~/
B The action simplifies when the quadratic coefficient vanishes:

(A

e 055y
2z’
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The expectation group

B The generator is closed under conditional expectation:

Eexpluly, &), X1 _
exp[nl(y, ), (A=)}

This holds when X has Gaussian distribution X~N[(A+Bx,X?)].

exp[U[E[(A, B, Z*)]o (&), ]

B The expectation of the exponential-quadratic function of the variable
X is an exponential-quadratic function of the variable x.

B The transformation of the coefficients is given by the expectation
group.
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The expectation group

B The composition rule for the expectation group is:

(A) (A) [ BATA D
E[| B, [I-E[| B, |=E[ B,B, ]
Zr) \Z5 \B,2;B, +%5 )

B The inverse for the expectation group is:

(A -B'A )
E[| B ]‘1 = B
z*) |-B7XB7,
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The quadratic Gaussian process
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Gaussian processes

X; : Gaussian process
(% %) ~ N[(A; +Byrx, Zq )] o
By : matrix
B The coefficients of the Gaussian process satisfy: ' SymMmeNic marx
A’[T = BtT Azt + A[T
BZ‘T — BtT th

ZiT — BthzztB’:I' +2t2T

B The coefficients can be generated from their initial values:
-1
A(T — AOT — BOT BOt t
-1
By = By; By,
o =¥ — B, B, 22 B, By
tT — <0T 0T =0t =0t =0t =0T
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Gaussian processes

B The Gaussian process satisfies the SDE: Zfz;zein e
= (ﬁt +li’\ltx'[)dt+o-tdzt 22:::);
Ay vector
0= d(% +B. 11
0= d(IjB,ET + By 44,
0= ddZttZT " BtTU BtT

B The Gaussian process x; Is related to a time-changed Brownian
process w, with clock By, 12 2By

X, = AOt + BOtWt
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Quadratic Gaussian processes

B Exponential-quadratic functions of Gaussian processes are closed
under conditional expectation:

exp[ul(¢, &), %11 _ exp[ulE[(A, By Xe)]o (4, 8), %]
"Eexp[ul(4,&), %11 Eexp[ulE[(A;, By, Z5)]°(4,6), % ]]

M The process:

_epluly,, &), )
" Eexplul(y,. &) x 1]

IS a martingale when the coefficients satisfy:

(l//t’é/t) = E[(Abt’ BOt’ZSt)]_1 © (WO’é/o)
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Quadratic Gaussian processes

B Define the equivalent measure E” via the Radon-Nikodym derivative:

dE;  explul(y,, &) X1
dE, Eexpluly, &), x]]

B The process x; Is a Gaussian process in both measures:

(XT | Xt) - N[(AtT + BtTXt’ZtZT )]
(% %) ~ N[M[(wr,¢7)]o (Ar + BtTXt’ZtZT)]

in the measures E and E” respectively.
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The quadratic Gaussian model
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Single currency model

B Single currency pricing model (E,b,): E Is the pricing measure, b, Is the
discount process.

B By definition, the discounted price process b,a, is an E-martingale:
EthaT = btat

M Zero-coupon bond process p,; and forward rate process r,;:

=
b,

d
lir = _d_T Iog[ Eth]

Per
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Multiple currency model

® Multiple currency pricing model (E®,b,m{): for each currency c, E°is
the pricing measure, b is the discount process, and mf=dE;/dE,; is
the measure process that maps to the universal pricing measure E.

M Zero-coupon bond process p°, forward rate process r;¢ and FX
index process s,
ClKC
_Eby

p'[CT _ btc

e = - log[ESbf]
tT dT t
Sth . mtdbtd

mcb;
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Quadratic Gaussian model

B The measure process is an exponential-quadratic function of the
Gaussian process x;:

oo LU, ), X ]]
T Eeoluly! &), 1]
(7 6) = EL(Ay By TR o (05, 65)

The process x; Iis then a Gaussian process in all measures:
(AT +B5x, Z5) =M[(wr, ¢7)]e (Ar + B X, g

B The discount process is an exponential-quadratic function of the
Gaussian process x;:

o o OOl &), X1

© = Do B explul(ef, €, x 1]
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Financial processes

B Zero-coupon bond process p°:

_ Por w0 B T e (47, 67) — (¢, 600 %]

—n[E[(A7, By Zi)]o (47, &7). (A Zgp)]
+n[(¢, &), (A, Zo)]]

C
Per

B FX index process s

s° = 531 g exp[Ul(y?,C8) —(we, &8) + (4, &) — (45, €)% ]

=Nl 60D (Ag Zod)1+ 0y, 67), (AR Z60)]
—n[(¢, &%), (Ao, Zoo )1+ nl(g7 &), (A, Z60)]]

© Nomura International plc



Fixed Income Division

Financial processes

_ exp[u[(t?t,ft_), X1
t t EeXp[U[(Vt’Q)’ Xt]]

ds _ =

S_t :"'+(Wt +§txt)'dxt
t

B Zero-coupon bond process p;°:

AR pEH
(Ct 202 T

B FX index process s

) HEHER
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Pricing vanilla options
B Model parameters in the S-terminal measure of currency c:

(AT +Bgrx, ZF") = MIE[(Afs, Brs, 2751 o (65, &5)] o (A7 +Bix, 27)
(W, &) = (!, &)+ EL(AS, Bs . Z%)]0 (45, &¢)
(@7, E7) = (4, &) —El(As, Bg . Z)] o (ds, &)

B Vanilla option price:

EB (D, AS{"Pi)" =2 Ase" P, E™" (% € D)
where D is the domain:

(% € D)= 4 pg;,m" >0)
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Example: Forward volatility
_ ¢ el &) %1
© T Eexp[ul(7, ) ]
exp[ul(‘, ), z]]
exp[n[(*¥,€2), (0.1)]]
Y= Z:T (VT +47T (A[T + BtTXt))
Q= z:TéTTZtT

B Closed-form expressions for the financial variables provide
transparency in the analysis of forward volatility smile dynamics.

(Sr %) =Es;]

B Dynamics blends local volatility and stochastic volatility features.

M Sticky strike/delta properties of the dynamics can be imposed as
constraints on the parameter curves.
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Example: Cliguet convexity

_ exp[u[(t?t,ft_), X1
t t EeXp[U[(Vt’Q)’ Xt]]

E(SS—T—l) _ %exp[/m]—l

A=n[E[A;,Bq. 2510 (77.¢7) — (7, &), (A Ze)]
—(N[E[A;, By, 25 1o (77, &7), (A, Z5)1- 0157, &), (A, Z5)1)

B Closed-form expression for the convexity adjustment to the cliquet
forward incorporates the effects of smile.

B Expression useful for volatility bonds, equity cliquets and inflation
year-on-year options.

B Similar expressions exist for other convexity adjustments.
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Possible problems

B Model is over-parametrised. Successful parameter reductions can be
achieved by imposing stationarity constraints on the forward volatility
smile.

B Martingale constraint on the measure process means there is no
additional control on the term structure of FX smile beyond that
Implied from the IR smiles. This is alleviated by adding more factors,
and could be considered as a benefit for long-dated FX models.

B Pay delay and quanto convexity adjustments can diverge. In practice
guadratic coefficients are small enough for this not to be an issue.
The problem is no worse than occurs with other stochastic volatility
models.
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Practical benefits

B Core analytics for the model based entirely on the definitions for the
generators, the measure and expectation groups, and the Gaussian
process.

B Simple, exact expressions for vanilla option prices enable robust and
efficient calibration without resort to analytic proxies.

B Closed-form expressions for the basic financial processes in terms of
a state process that has Gaussian increments in all pricing measures
facilitates numerical integration methods, such as lattice or Monte-
Carlo schemes.

B The QGM stands as an acceptable model in its own right. It can also
be used as an approximation for evaluating more complex models, for
example by restricting to the quadratic terms of the SDE, or by
projecting to the QGM using Markovian projection techniques.
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