0.1 Syllabus

Prerequisites. Linear algebra. Rings and modules. It will help you if you
know what is projective plane. For this you might consult notes on Projective
Geometry of Nigel Hitchin (especially first two sections), that can be found
on the page:
http://people.maths.ox.ac.uk/hitchin/hitchinnotes/hitchinnotes.html

There is also a nice appendix in the book of Joseph H. Silverman and John
Tate. Rational Points on elliptic curves. The appendix is called ”Projective
Geometry”.

Suggested reading.

1) Fulton. Algebraic curves. http://www.math.lsa.umich.edu/ ~ wful-
ton/CurveBook.pdf This is a nice book with plenty of exercises. Some ma-
terial from sections 1-6 in the book is relevant to the course.

2) Algebraic Geometry: A First Course - Joe Harris. Sone material from
lectures 1-7 is relevant to the course.

3) Miles Reid, Undergraduate Algebraic Geometry.

4) Basic algebraic geometry Shafarevich, first chapter.

5) Elementary algebraic geometry Huleck.

The following are sources on Commutative Algebra.

5) Introduction to Commutative Algebra - Atiyah—Macdonald. Classical
source.

6) David Eisenbud. Commutative algebra with a view towards algebraic
geometry.

7) A Primer of Commutative Algebra - J.S. Milne.

http://www.jmilne.org/math/xnotes/ca.html

Office hours. This will be Wednesdays just after the classes 12-1pm.

Exercises and Exam. There will be 3-4 problem sheets. 100% of the
mark is for the exam. Exam will consist of 5 problems 4 best out of 5 will
count to the grade A or B.

0.2 What will be covered

1) Bézout’s Theorem, first encounter.
2) Kakeya'’s problem, Dvir’s theorem.
2) Projective spaces, homogeneous coordinates and conics.
3) Reminder on rings and ideals. Hilbert basis theorem.
4) Affine varieties and Nullstellensatz.



5) Morphisms of affine varieties, singularities, multiplicities of singular
points of curves.

6) Full Bézout’s Theorem (time permitted).

Acknowledgments. I would like to thank Pascal Honoré and Sveta for
correcting numerous mistakes in these notes.

(these nmotes might still contain mistakes, if you find one, please don’t
hesitate to tell me.)

1 Introduction. Pascal, Bézout, Kakeya-Dvir

1.1 Pascal’s and Bézout’s Theorems

Let us start with the following theorem of Pascal, 1639:

Theorem 1.1 For an arbitrary hexagon inscribed in any conic, the inter-
section points of lines containing pairs of opposite sides lie on a line.

We will deduce this statement from a weak form of Bézout’s theorem.
Bézout’s theorem is a theorem about intersection of curves on the plane
given by polynomial equations F'(x,y) = 0, G(z,y) = 0.

Theorem 1.2 Let F' and G be two polynomials in K|x,y| without common
factors. Then the number of points in the intersection of curves F(z,y) =0
and G(z,y) = 0 is at most deg(F') - deg(G).

This theorem generalizes the statement that a polynomial F(x) in one
variable has at most deg(F') distinct roots. You can check the theorem in
simple cases.

A curve on the plane given by zeros of a degree two polynomial is called
conic, while a curve given by a degree three polynomial is called cubic.

Proof of Pascal’s theorem. We assume that the conic is irreducible,
i.e. it is given by equation F'(z,y) = 0, where F' is an irreducible polynomial
of degree two. The reducible case is left as an exercise.

Let l1,mq, 15, ma,l3,m3 be the linear functions on the plane, vanishing
on the consecutive sides of the inscribed 6-gon. Consider the one parameter
family of polynomials:

G)\ = l1l2l3 + )\mlmzmg



Pick a point p of the conic (not a vertex) and chose A\g so that G, (p) = 0.
Since the conic F' = 0 intersects the cubic G, = 0 in at least 7 points and
F is irreducible, according to Bézout theorem F' divides G,,; Gy, = F' - L.
Three points lie on L = 0.
O

Remark 1.3 One degenerate case of this theorem is Pappus theorem, when
the conic is reducible, i.e., it is a union of two lines. Pappus theorem can
be proven easily using the notion of projective plane. One needs to send the
intersections [; N'my and [ N my to infinity and prove that [3 and mg are
parallel.

Exercise 1.4 Suppose we have a conic C' on the plane and a point p on
it. Suppose we can draw a line trough any two points on the plane. Using
Pascal’s theorem guess how to draw the tangent line to C' at p.

1.2 Proof of the partial case of Bézout

We are going to prove Theorem 1.2.

Recall that by k[xy, ..., z,] we denote the ring of polynomials with coeffi-
cients in k.

Notations. By R we denote k[z,y]. (F,G) is the ideal in R generated
by Fand G. (F,G)=R-F+ R-G.

Proposition 1.5
H#EF=0NG=0) <dim(R/(F,G)) <deg(F)-deg(G).
Proof. First inequality.

Lemma 1.6 Let P, ..., P, be m different points in the (x,y) plane. Then
for each i there is a polynomial H; = H;(x,y) such that H;(P;) = 0.

Lemma 1.7 Suppose that m points P; from the previous lemma lie in (F =
0) N (G =0). Then the polynomials H; are independent modulo (F, Q).

Proof. Suppose there is any relation, i.e., > . ¢;H; € (F,G) then each ¢
equals zero (since F' and G vanish at B;).
O

These two lemmas prove the first inequality.
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Proof of second inequality.

Define ¢(d) = w.
Let R4 be the vector space of polynomials of deg < d.

Let Wy = Ri—degr F'+ Ri—deqcG = {H1 F'+ H>G}. Of course W, C (F,G).
Exercise 1.8 dimR,; = ¢(d).
Lemma 1.9 For d > deg(F) + deg(G) one has
Ri_dgegrF' N Ry—gegcG = Ri—degr—dega ' - G.
To prove the lemma we recall the following theorem from algebra.

Theorem 1.10 The ring of polynomials is an UFD, i.e., a unique factor-
1zation domain.

Proof of lemma. Since F' and G have no common factor, a polynomial
that is divisible by both F' and G is divisible as well by FG.
O

Corollary 1.11
dimRg—dimWy = ¢(d)—¢p(d—degF)—p(d—degG)+¢(d—degF—degG) = degF-degG.

Proof. Recall that if U and V subspaces of a vector space then dim(U +
V) = dim(U) + dim(V) — dim(U N'V). Applying this to U = Rg_gegrF,
V = Rg_gegcG and using U + V = W, with the previous lemma we get the
result.

O

End of proof of second inequality.

Suppose f1, ..., fm are elements of R linearly independent modulo (F, G).
Let d > maz;(deg(f;)). Then f; are linearly independent in Ry modulo W,
i.e., m < degF - degGG by the corollary.

O

Exercise 1.12 Give examples of polynomials (F, G) such that:
A)#(F=0NnG=0)<dim(R/(F,G)).
B) dim(R/(F,G)) < deg(F) - deg(G).



Remark 1.13 Note first that though the statement of the theorem is rather
geometric (it is about number of points), the proof is rather algebraic.

Second, the statement of Bézout theorem that we proved, is about an
inequality, the proof works for all field. But one can "refine” the proof in
order to get "equality”. In this case we should take care of points with
multiplicity and take care of what happen at infinity.

Question 1.14 Could you guess what Bézout’s theorem says in higher di-
mensions?

1.3 Kakeya conjecture over finite fields, Dvir’s proof.

Now we make a jump from 19th to 21st century.

History. Kakeya set, is any set of points in Euclidean space which con-
tains a unit line segment in every direction. Besicovitch — beginning of 20th
century have shown that Kakeya set can have zero measure. Still there is a
conjecture that the Hausdorff dimension of a Kakeya set in R™ is n.

Finite fields. If K™ is a vector space over a finite field K, define a
Kakeya set to be a subset of K™ which contains a line in every direction.

Conjecture. Thomas Wolff 1999. Finite field Kakeya conjecture. Let
E C K" be a Kakeya set. Then E has cardinality at least ¢,|K|", where ¢,
depends only on n.

This conjecture was proved by Zeev Dvir in 2008, using polynomials.

Proof. We start with the standard lemma: Factor Lemma.

Lemma 1.15 Let K be a field, and d > 1 be an integer. Let K[z| denote
the polynomials in one variable with coefficients in K.

1. If P € K|[x] is a non-zero polynomial of degree at most d, then the set
{r € K: P(x) =0} has cardinality at most d.

2. Conversely, given any set E C K of cardinality at most d, there exists
a non-zero polynomial P € K|[z| of degree at most d that vanishes on E.

Lemma 1.16 Let E C K" be a set of cardinality less than (";rd) for some
d > 0. Then there exists a non-zero polynomial P € K|xy,...,x,] on n
variables of degree at most d which vanishes on E.

Proof. Let V be the vector space of polynomials in K|z, ..., z,] of degree

at most d. By combinatorics V' has dimension (”;d). On the other hand,

the vector space of K-valued functions on £ has dimension < (";d). Hence
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the evaluation map P — (P(z)).er from V to K is non-injective, and the
claim follows.

O

Proposition 1.17 Let P € Klzy,...,z,] be a polynomial of degree at most
| K| — 1 which vanishes on a Kakeya set E. Then P is identically zero.

Question. Why can not we take a polynomial of degree |F'|?

Proof. Suppose for contradiction that P is non-zero. We can write
P = ZfzoPi, where d is the degree of P, 0 < d < |K| — 1, and P, is the '
homogeneous component. Of course, P, is non-zero. Since P vanishes on F,
d cannot be zero.

Let us fix a vector v in K™ \ 0. Since F is a Kakeya set, £ contains a
line {x +tv : t € K} for some fixed z = z, € K. Let us now restrict the
polynomial P to the line {z, + tv : t € K} so that we get the polynomial
of one variable ¢, P(z, + tv). Clearly for all t € K we have P(z, + tv) = 0.
Since P(x, + tv) is a polynomial in ¢ of degree at most |K| — 1, it vanishes
identically by the factor lemma. We conclude that ¢ coefficient of P(x,+tv),
which is P;(v) as well. So, the polynomial P, vanishes at all non-zero vectors
v € K". Since P, is homogeneous of degree d > 0, P; vanishes on all of K™
as well. Now we use the following exercise:

Exercise 1.18 Let ) be any polynomial of degree less than |K| that is
vanishing at each point of K". Prove that () is identically zero.

Letting () = P; we get contradiction.
O

|K|+n—1) .

Corollary 1.19 FEvery Kakeya set in K™ has cardinality at least ( K1

Now, ('KHn_l) = (‘KH”_l) > \IZ# This finishes the proof of Dvir’s

|K|—1 n =
theorem.

O

2 Projective space

In this section we introduce projective space and consider some examples.



2.1 Definitions and examples

Recall

Definition 2.1 By affine space over the field K, we mean simply the vector
space K" = K X ... X K (n times). This is usually denoted A’ or just A"

The main distinction between affine space and vector space K" is that
the origin does not play a special role in affine space.

Definition 2.2 A projective space over a field K is the set of one-dimensional
subspaces of the vector space K™ (in other words, set of lines in K"'!
containing (0, ...,0)). This is denoted by P} or just P".

Let us consider some examples, over various fields.

Example 2.3 0) PY consists of one point.

1) Py is a circle.

2) P%/pz has p + 1 points.

3) P% can be seen as two-sphere quotient by involution S?/+1. Projective
plane contains projective lines (or just lines) that come from different R? C
R3.

Question. How many lines are there in PZ o where p is prime. (in
]P%/pZ{?)

4) P¢ is again a two sphere.

Relation between projective space P} and affine space A%.

Consider the vector space V" (V"1 = K"*1) and let A" be an affine
subspace of V™! that does not contain 0 € V™", For every point p € A"
there is a unique line that joins p with 0 € V"', Thus a copy of A" is
contained in P".

Note that the piece of P* not covered by A" is P*~!. This P" ! is called
sometimes infinity of A™.

We deduce P* = A" U ... U A

Definition 2.4 Consider a vector subspace W**! in a vector space V"1,
The set of lines through 0 in W**! define a projective subspace P* in P".
Such a subspace is called linear subspace. If k = 1 it is called line. If k =n—1
it is called hyperplane.



Remark. Intersection of two linear subspaces is a linear subspace.
Projective geometry was invented by Girard Desargues who proved the
following theorem:

Theorem 2.5 Let a,b,c, A, B,C be six points in P? that are not contained
in one plane, and such that no three of these points lie on one line. Suppose
that lines aA, bB, and cC intersect in one point. Then the points abN AB,
bcN BC, acn AC lie on one line.

Proof. By our assumptions, then there is a unique plane that contain
points a, b, ¢ and a unique plane that contains points A, B, C. Let us prove
that the intersection of two planes abc and ABC' contains all three points.
Indeed, ab C abc and AB C ABC, hence abN AB C abc N ABC. Same
reasoning works for other two intersections.

O

2.2 Homogeneous coordinates

To work with projective spaces it is very useful to introduce coordinates,
namely homogeneous coordinates.

Consider projective space P? associated to vector space K™™', Let us
introduce standard coordinates (o, ..., ¥,) on K™™', For any non-zero point
(ag, ..., a,) in K™ the collection of points (Aag,...,Aa,), A\ € K define a
line, i.e., a point in P%. This point is denoted as (ag : ... : a,) and the
numbers a; are called homogeneous coordinates of the point. They are not
coordinates in the usual sense: for each point the coordinates are unique
only up to multiplication by A € K*. On the other hand the equation x; = 0
defines a subset in P}.

The subset x; # 0 in P} is denoted by U, it can be identified with A% .
We associate to (xq : ... : x; : ... : T,) the point xo/z;, ..., x,/z; in Al

Definition 2.6 A polynomial F' € Kz, ...,x,] is called homogeneous of
degree d if all its monomials have degree d. For example xo + x7 is not
homogeneous, but zox; + 22 + (x4 + x5)? is.

Consider a homogenous polynomial in K[z, ..., z,|, deg(F) = d. Then
we can consider the set of points (2o : ... : x,) in P" such that F(z) = 0.
This is a well-defined subset of P™. It is called a hypersurface of degree d.

Example 2.7 If deg(F) = 1, then {F = 0} = P"~!. This is a hyperplane.
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Example 2.8 n = 1. F = Y a;202{"". Assume that the field that we
consider is C. In this case F' can be decomposed as a product F' = 11¢_, (brzo+

cxz1). So the equations F' = 0 defines the collection of points (¢ : —by) in
P¢.

2.3 Homogeneous - non-homogeneous

Recall that by Uy we denote the subset of P where 2y # 0. This is an affine
space and it is natural to ask how to relate a non-homogeneous equations in
Uy with a homogeneous in P"?

P" — Uy, substitute z¢ by 1.

xﬁ + 2911 + XoT2 + 122 — 1 4+ 21 + T2 + T129.

Uy — P™ multiply each monomial by an appropriate power of z.

2,2, 3 2.2 3 .4
riT5 + x5 + 1 = xiws + zoxs + T

The subset of point xyg = 0 in P" is sometimes called points at infinity.

Example 2.9 Consider to circles r2 + 23 = 1 and 2% + 23 = 4 in C?>. What
are their points of intersection?

Answer: obviously there are no intersections in C2. But if we complete
C? by adding points at infinity, i.e. if we pass to homogeneous coordinates
in (xg : 1 : x2) viewing C? as Uy in P%, the points of intersection are:
(0:1: +7) (the homogeneous equations are 2% + 5 = 22 and 2% + z3 = 423).

Example 2.10 What are coordinates of the point at infinity in RP? of the
parabola y = 22?

2.4 Playing with conics

Example 2.11 Suppose that F' € K|xg, x1, 23] is a homogeneous polynomial
of degree two. Then F = 0 is called a conic. The conic is called non-
degenerate if F' is irreducible.

Lemma 2.12 Let F = 0 be a non-degenerate conic in P% and suppose that
the field K 1is algebraically closed, charK # 2 then in some homogeneous
coordinates (zg : 1 : T2) the conic is given by xory — 7.



Recall that a quadratic form on a vector space V is a homogenous poly-
nomial of degree two.

Proof. First we recall the following statement: for any quadratic form F
on K™ there exists a basis vy, ..., v, such that F'(z1v1+...4+2,v5) = :I:f%—...—i—x?
for some i € {1,...,n}.

Recall the proof of this statement.

Associate to F' the symmetric bilinear form,

Q) = P8 = F0) = ()

Next we use Gram-Schmidt orthonormalization. Chose v, so that F'(v;) =
1, this is possible unless F' = 0. Let v~ be the hyperplane in K™ composed
of vectors u orthogonal to vy, Q(v,u) = 0. Restrict F' to v and continue.
In such a way we get the system vy, ...,v, such that Q(vy,v;) = 0 unless
k=1<1i, Q(vg,vx) = 1 for k <i. This is the base we want.

We conclude that that the equation of irreducible conic in some coordi-
nates is 3 + 2% + 23 = 0.

Exercise. Finish the proof.

OJ

Lemma 2.13 Non-degenerate conic over an algebraically closed field can be
identified with P*.

Proof. By the previous exercise we can assume that the conic is given
by xoze — 3. Then P! — conic is: (ug : u1) — (ud : upuy : u}). The inverse
map is (g : o1 : x2) — (zg : x1) or (x1 @ x3).

OJ

Using this lemma we can reprove Bézout’s theorem for conics.

Lemma 2.14 For any F; € K[z, 19, 23], a homogeneous poly of deg d either
Fy;=00nC of Fy=0NC contains no more than 2d points.

Proof. We can assume that the coordinates of our conic are u3, uguy, u?.

Then F(ug,u;) is a homogeneous polynomial of degree 2d. So either F' has
no more than 2d roots or F' is identically zero.
O
Jacob Steiner’s problem 1848. Suppose we have 5 conics in general
position on P4. How many conics are tangent to these 57
This is a difficult question. So we will do something easier for the moment.
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Question 2.15 How many conics pass through given 5 points Ay, ..., A5 on
P27

Step 1. The set of all conics on P? can be identified with P° | since a
conic is given by an equation ) a;;t;t; = 0 with 6 coefficients that are defined
up to multiplication by a constant. Next, if we take a point A; = (¢} : ¢] : t3),
all conics going through A; can be written as ) aijt}t}, so we have a linear
equation on the coefficients a;;. So these conics form a hyperplane.

So we get a question: in how many points these 5 planes intersect?

Exercise. If no 4 points lay on one line the conic is unique. If no 3, it is
smooth.

Question. How many lines touch two distinct irreducible conics?

The set of all lines in P? is P2, it is called dual projective plane. Write
the equation for line: agzg + a121 + aszg = 0. Lines tangent to the conic
2022 + 22 = 0 are characterized as follows:

The homogeneous equation aoug + ajuguy + asu? in (ug : uy) has only
one root. Then a? — 4agas = 0. Le. the set of lines tangent to a conic
forms a conic in the dual projective plane. So we have to find the number of
intersections of two conics - this is Bezout.

O

Jakob Steiner, was a professor of geometry at the University of Berlin.
His answer to his question was 7666 = 6°, he was guided by a generalization
of Bézout’s theorem. It turned out that his answer was wrong. French naval
officer de Jonquieres solved this problem in 1859, the answer is 3264. But
the proof is too involved for this course.

3 Reminder on rings and Hilbert basis theo-
rem

3.1 Reminder on rings and ideals

In this section we recall several facts about rings and ideals.

Definition 3.1 A commutative ring is a set R with multiplication and ad-
dition -, 4+ : R X R — R such that

1. (R,+) is an abelian group;

2. for all a,b,c € R, a(bc) = (ab)c ;
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3. for all a,b € R, ab = ba (all rings in this course will be commutative);

4. there exists an element 1 € R (necessarily unique) such that 1z -a =
a-1gp=a,Va € R;

5. a(b+ c¢) = ab+ be.

Definition 3.2 Suppose that R is a commutative ring. A subset ) # I C R
of R is said to be an ideal of R if x +y € I whenever x,y € I and ax € [
whenever z € I and a € R.

Example 3.3 27 is an ideal in Z. If R is any ring, then I = {0} is an ideal.

Definition 3.4 For a field K a K-algebra is a commutative ring containing
K as a subring. An example is K[X7, ..., X,].

Definition 3.5 A ring homomorphism is a map ¢ : R — S of rings R and
S such that

p(ab) = (a)p(b), pla+b) = p(a) +¢(b),V a,b € R,
and ¢(1g) = 1g. The kernel Ker(¢) C R is defined to be
Ker(¢) :={a € R: p(a) =0C S}.
Exercise 3.6 Ker(y) is an ideal of R (check it).

Definition 3.7 A non-zero commutative ring R # {0} is said to be an
integral domain if

Va,be R (ab=0=a=0, or b=0).

Definition 3.8 If R is a ring and I C R, then [ is said to be a mazimal
ideal of R if I # R and if there are no ideals J of R such that I C J C R.
The ideal [ is called prime if for any a,b with ab € I, a or b are in I.

Exercise 3.9 If R is a ring and [ is an ideal of R, then R/I is a field iff I
is a maximal ideal. R/I is an integral domain iff I is prime.

Definition 3.10 The radical of an ideal I in a commutative ring R, denoted
by Rad(I) or v/, is defined as

Rad(I) = {r € R| r" € I for some positive integer n}.

An ideal [ is called radical if I = Rad([).
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Exercise 3.11 Show that the radical of an ideal is an ideal and that Rad(Rad (1)) =
Rad(7).

Definition 3.12 If ) # A C R is a subset of a ring R, then the ideal
generated by A is the smallest ideal of R containing A. Equivalently, it is
the collection of all finite linear combinations of elements of A, that is,

N
{) biri : NeN, b€ R, z; € A},
=1

An ideal generated by the elements x, ..., z, is denoted (x1, ..., z,).

Definition 3.13 An ideal I C R is said to be finitely generated if there
exists a finite subset A = {z1,...,2,} € R such that I = (21, ..., z,).

Finally we come to a lemma, characterizing Noetherian rings.

Lemma 3.14 Let R be a ring. Then the following two conditions are equiv-
alent:

(i) (the ascending chain condition) if Iy C Iy C Is... are proper ideals of
R, then there exists N, such that¥n > N I, = Iy,

(i) every ideal of R is finitely generated.

Proof by contrapositive. (i)=- (ii). If I C R is not finitely generated,
then choose 1,11 = I,, + Rx,.1, where x,.1 ¢ I, = (0, ..., Ty).

(i)= (1). If Iy € I, € I, C ... are ideals in R then [ = (J
ideal in R, but it can not be finitely generated.

ieZ I; is an

O

Definition 3.15 A ring R is called Noetherian if every ideal of R is finitely
generated.

Example 3.16 The ring of continuous functions on [0, 1] is not Noetherian,
indeed we can consider the sequence of ideals I,,, of functions vanishing on

0. 3]-

‘n
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3.2 Hilbert basis theorem
Theorem 3.17 If R is Noetherian, then so is R[X].

Proof. Let I be an ideal in R[X]. We claim that [ is finitely generated.
Choose f; € I\ (0) with minimal degree; if I # (f1), choose fo € I\ (f1)
with minimal degree. If this process terminates, we are done. If not, let a;
be the leading coefficient of f;, and form the ideal J = (a1, as,as, ...) in R.
Since R is Noetherian, we have J = (ay, ...,ax) = Jy for some N.

Now we will deduce a contradiction, we will show that the ideal Iy, Iy :=
(f1,---, fn) equals I. Indeed, if Iy # I then according to our construction
there exists an element fy,1 in I\ Iy of minimal possible degree. Moreover,
ani1 = Zfil rya; since ayy1 € J = Jy. Now set

N
— £ Y degfnt1—degfi
g= Z ri fi X .
i=1
Since g is a linear combination of the f;, we have g € Iy. Next deg(g) =
deg fn+1, and both polynomials have the same leading term. Thus deg(fy+1—
g) < degfny1. But since fyi1 —¢g € I\ Iy, this contradicts the minimality

of degfny1-
0]

Corollary 3.18 For any field K the ring K[X1, ..., X, is Noetherian.

Proof. We prove this statement by induction. The ring K[z] is Noethe-
rian by Hilbert basis theorem, since K is Noetherian. Now Klz1,...,z,| =
K[z,][x1, ..., 2p1], i.e., the polynomial ring in n variables with coefficients
in K can be seen as the polynomial ring in n — 1 with coefficients in Klx,].
Hence it is Noetherian by both induction and Hilbert basis theorem.

O

Recall that the a ring R is said to be finitely generated over its subring
A if there exists rq,...,7, € R such that Vrr € R we have r = P(rq,...,1y,),
where P € Alxy,...,x,] is a certain polynomial.

More generally, the following corollary holds:

Corollary 3.19 Let A be a Noetherian ring and R be a ring finitely gener-
ated over A then R is Noetherian.
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Proof. Suppose that R is generated by (ry, ..., ). Take the ring Az, ..., x,]
(it is Noetherian by Hilbert basis theorem) and consider the surjective ho-
momorphism Alzy, ..., z,] — R sending z; to r;. Then since ACC holds for
ideals in A[xy, ..., x,] it should also hold for ideals in R.
O

Example 3.20 Consider the set of all polynomials f(x,y) in two variables,
whose restriction to the z-axis is constant. This defines a subring R C k[z, y].
A polynomial in R can be written

f(z,y) = constant + yg(x,y).

The ideals (y), (v, yx), (y, yz,yz?), ... in R are all different (as ideals is R).

3.3 Finite generation of the ring of invariants

In this subsection we prove the famous theorem of Hilbert on finite generation
the ring of invariants.
This theorem was a motivation for Hilbert to prove ”Hilbert basis theo-

7

rem”.
Definition 3.21 An automorphism of a ring R is a bijective map R — R
preserving addition and multiplication.

We say that a group G is acting on a ring R if there is a homomorphism
of groups G — Aut(R).

An invariant of the action is an element r € R such that g(r) = r for

all g in G. The subset of invariant elements forms a sub ring of R that is
denoted RY and is called the ring of invariants.

Definition 3.22 Let A be an algebra over K. A is said to be finitely gen-
erated if there exist a collection of elements aq, ...,a, in A such that for any
a € A there exists a polynomial f € K|z, ...,x,] such that a = f(ay, ..., a,).

Theorem 3.23 Suppose that a finite group G is acting on the polynomial
ring R = Clxq,...,x,] preserving the degree of polynomials. Then the ring
RE of invariants is a finitely generated C-algebra.

Proof of finite generation of invariants. Let [ be the ideal generated
by the elements of R without free term. Note that I is generated by homo-
geneous polynomials in R“, and since R is Noetherian I should be generated
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by a finite collection iy, ..., i of such polynomials. (otherwise ACC would not
hold in R). We want to show that 4y, ..., 7, generate R® as an ALGEBRA
(which is much stronger than saying they generate IDEAL T).

We use Reynolds operator p given by taking average under action of G
pla) = ﬁzgeG g(a). Key properties: p(a) € R for all a € R, p(ab) =
ap(b) if a € R, p(1) = 1.

We show by induction on degree of a homogeneous polynomial x that if
x € RY then it is in algebra generated by i;’s. Indeed, we know

xr = (11le + ...+ akik

for some a’s in R as x is in I. Apply Reynolds operator:

z = p(z) = plar)ir + ... + plax)ix

Since x and 7; are homogeneous, we may assume that a; are homogeneous
of degree less than z. Then by induction p(a;) is in the algebra generated by
i;'s as it has degree less than that of x, and so « is in this algebra as well.

OJ

Gordon apparently said about this proof: ”This is not math; this is the-

ology”.

4 Varieties and Nullstellensatz
Recall:

Definition 4.1 A field K is called algebraically closed if every non-constant
single-variable polynomial with coefficients in K has at least one root in K.

The field of complex numbers is the main example (for us), it is alge-
braically closed by the Fundamental theorem of algebra.

Definition 4.2 A subset V' C A% is said to be an affine variety if there exist
polynomials fi, ..., fy € K|z1,...,x,] such that (z1,...,z,) € V if and only if
filzy,...yxy) =0, foralli e {1,...,N}.

16



4.1 From ideals to varieties

Remark 4.3 Recall that according to Hilbert basis theorem each ideal in
K[Xjy,...,X,] is generated by finite number of elements fi, ..., fy. To each
ideal I C K[X;, ..., X,] we can associate V (I):

V(I)={Pe€A}: f(P)=0 forall fel}.
This is an affine variety.

Proposition 4.4 The map from ideals in R = K[X;, ..., X, to affine vari-
eties in A% has the following properties:

1. V({0}) = A% (here by {0} we mean the zero ideal in R); V(R) = 0;

2. 1 C J implies V(I) DV (J);

3. V(HuV(J)=V({InNnJ),

4OV = VS, 1),

Here I,J,1, are ideals in R, and ) I, denotes the ideal consisting of
finite combinations of elements in I, with the coefficients in R.

Proof.

1, 2. These properties are clear.

3. We have V(I) C V(INJ) since INJ C I. Similarly V(J) C V(INJ),
hence V(I) UV (J) Cc V(INJ).

Now assume that P € V(I N J). If P is not in V(I), then there is some
f €I with f(P) # 0. Similarly, if P is not in V'(J), then there is some g € J
with g(P) # 0. Then f-g € INJ and (f - g)(P) # 0. This contradicts
PeV({InlJ).

4. Let P € (N, V(1,); then f,(P) = 0 for all f, € I, for all v, hence
f(P) = 0 for all finite linear combinations f € > [I,. This shows that
N, V(L) C V(ST

On the other hand, I, C Y I, for every p, hence V(3 1,) C V(1,) for
every p1, and therefore V(3 1) C (N, V(1,.).

U

4.2 From Varieties to Ideals: The Vanishing Ideal

We saw how to associate a variety to an ideal, now let us go the opposite
way.

17



Definition 4.5 If V C A" (just a subset, though a variety is more useful)
then I(V) C K[Xy, ..., X,] is defined by

I(V)={f € K[X},...X,] : f(P)=0,YP e V).

Remark 4.6 First of all V' C V(I(V)). For arbitrary subsets V' C A", it is
possible to have V' # V(I(V)). For example, if K =C, n =1,V = Z, then
I(V)={0}, and V(I(V)) =C # Z.

Lemma 4.7 For any affine variety V we have V(I(V)) = V.

Proof. We have V. C V(I(V)): if f € I(V), then f(P) = 0 for any
P eV  hence P e V(I(V)).

Now assume that V' is the zero set of polynomials fi, ..., f, € K[X1, ..., X,].
Then fi,..., fmn € I(V), hence (f1,..., fm) C I(V'), and therefore V(I1(V)) C

V<<f17 ceey fm)) =V.
0

Note now, I C I(V(I)), but I # I(V(I)) in general. Example, K = C,
n=1,and I = (X?). Then V(I) = {0} but I[(V(I)) = (X) # (X?).

Proposition 4.8 IfV is an affine variety, then (V) = Rad(I(V)).

Proof. Since I C Rad([) for any ideal I, we only have to show that
Rad(I(V)) € I(V). Assume that f € Rad({(V)). Then f™ € I(V) for some
n, hence f"(P) =0 for all P € V' . This implies f(P) =0, hence f € I(V).

O

Conclusion: vanishing ideals have the property that they coincide with
their radical. In particular, (X?) is not the vanishing ideal of a variety
because Rad(X?) = (X).

Thus we can only hope to get a bijection between affine varieties and
radical ideals (these are ideals that coincide with their radical). This is
exactly the statement of Nullstellensatz.

Theorem 4.9 (Hilbert’s Nullstellensatz). If K is an algebraically closed
field, then for each ideal I in K[Xq, ..., X,] we have [(V(I)) = Rad(I).

Corollary 4.10 For K algebraically closed take an ideal I C K[Xq, ..., X,].
V(I) =0 iff there are f1,..., fr € [ and g1, ...,gx € K[X1, ..., X,)] such that:

Zgifi =1L
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Proof. One direction is clear. If we can write 1 as a linear combination
of fi, fo, ..., fr then fi, fo, ..., fr cannot vanish simultaneously.
Suppose now V(I) = (. Then by Nullstellensatz Rad(I) = I(V (1)) =
I(0) = K[Xi,...,X,). So1 € Rad(I). But this means that 1 € I as well.
OJ

Corollary 4.11 Let K be an algebraically closed field. Then every mazximal
ideal of K[X1,...,X,] is of the form m, = (X1 — a1, Xy — ag, ..., X;, — ay),
where aq, as, ..., a, are elements of K.

Proof. Let I be a maximal ideal. Then 1 ¢ I, so that there is at
least one point (ai,ag, ...,a,) € A" contained in V(I). It follows that I C
(X1 —ay, Xy — ag, ..., X;, — a,). As I is maximal, the result follows.

O

Example 4.12 A typical application. Let P(x,y) € C[z,y] be an irre-
ducible polynomial, and suppose that Q(z,y) vanishes at the curve P(z,y) =
0. Then @ is divisible by P.

Proof. Use the fact that (P) is a prime ideal (and so Rad((P)) = (P)) in
C[z,y], since Clz,y] is a UFD.

4.3 Irreducible varieties

Definition 4.13 An affine variety V' C A% is irreducible if there does not
exist a decomposition

V=VuUV,, with V{,Vo#V
of V' as a union of two afline varieties.

Example 4.14 V(xy) C A% is the set consisting of the two coordinate axes,
and is obviously the union of V(x) and V(y), hence reducible.

Proposition 4.15 a) Let V' C A% be an affine variety and I(V') the corre-
sponding ideal. Then V is irreducible iff I(V') is prime.
b) Any affine variety V has a unique expression

V=Vu..uV,
with V; irreducible and V; doesn’t belong to V; fori # j.
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Proof.

a) We will prove that V' is reducible iff (V') is not prime.

(=) Suppose V' =V, UV, with Vi, V5, C V affine varieties. Then V; C V
means that there exists f; € I(Vy) \ I(V) (here we use V(I(V)) = V), and
similarly Vo, € V gives fo € I(V) \ I(V3). Now the product f; fo vanishes at
all points of V', and so fifo C I(V). So I(V) is not prime.

(<) Suppose I(V) is not prime; then there exist fi, fo ¢ 1(V') such that
fife € I(V). Let I} = (I(V), f1) and V(I;) = Vi; then V} C V; similarly
setting Iy = (I(V), f2) and V (I3) =V, gives Vo C V. But V C V] U Vs, since
for all P € V| fifo(P) = 0 implies that either fi(P) or fo(P) = 0.

U

5 Morphisms, singularities, non-singularities,
and dimension

5.1 Morphisms

Just as an affine variety is given by polynomials, a morphism (algebra-
geometric term for a map) of affine varieties is given by polynomials.

Example 5.1 The simplest example of a morphism of affine varieties is a
polynomial map

A" — A™ x — (Fi(x), Fa(x), ..., Fn(x))

where by polynomial map we mean that each of the components F; of F'is a
polynomial in the n coordinates x1, ..., x, in A™.

Definition 5.2 Let V C A" and W C A™ be affine varieties. A map F' :
V. — W is a morphism of algebraic varieties if it is the restriction of a
polynomial map on the ambient affine spaces A" — A™.

A morphism is called isomorphism if it admits an inverse morphism, that
is it is bijective and its inverse is also a morphism.

Example 5.3 An affine change of coordinates of A”. Chose
Li(xz) = Aazy + oo 4+ Ninn +
and consider the map A" — A" x — (Li(x), ..., L,(x)).

It is a morphism and is an isomorphism if the matrix \;; is invertible.
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Example 5.4 The projection A? — A, (z,y) — z is a morphism but not
an isomorphism, since it is not bijective.

Example 5.5 Let C be V(x—y?) in A%. Then A' — A% t — (¢%,¢) gives an
isomorphism of A' and C'. The inverse morphism from C to A is (z,y) — ¥.

Remark 5.6 Consider V = V(zy—1) C A% Then the projection (z,y) — =
sends V bijectively to A'\ 0. A'\ 0 is not an affine variety according to our
definition. So this is one of incompleteness of our definition.

Remark 5.7 A bijective morphism between two affine varieties need not be
an isomorphism. Consider the morphism A' — V(23 —4?) € A% t — (£2,¢3).
This is a bijective morphism. But the inverse map is given by (z,y) — %,
and ¥ is not a polynomial function on A?. Indeed one needs to show that 4
is not equal to the restriction of F' € K|z,y] to V(z* — y?).

5.2 Singularity, non-singularity, and dimension

Good thing about working with polynomials is that you can take their deriva-
tive without calculating a limit. I.e., the derivative of a polynomial is given
by an algebraic operation, it works over any field. This is important because
the definition can be generalized then to other rings.

Definition 5.8 Derivative on polynomials in k[z] is defined as follows:

d
—
dx
Remark 5.9 Derivative is a k-linear map k[z] — k[z]. There is one subtlety:
if £ is of characteristic p, then %xm = 0.
This rule extends in an obvious way to polynomials of several variables

k[x1,...,x,], so we get an algebraic definition of partial derivative g j -

d
"=na" ', VneN, —1=0.
dx

Now, we will start to define tangent plane to irreducible affine variety.

Definition 5.10 Let V' C A" be an irreducible hypersurface, given by the
polynomial equation f = 0, where f € k[xy,...,x,] is irreducible. For P =
(ay,...,a,) € V | we define the tangent plane TpV C A" as

TpV = {(z1, . 20)| Y af. (P)(x; — a;) = 0}.



Remark 5.11 The space TpV is clearly an affine subspace of AJ.

Example 5.12 The tangent space of the variety V(2% — y?) C A at zero is
the whole plane.

Definition 5.13 A point P of hypersurface f = 0 is called singular is

%(P) = 0 for all 7. Otherwise the point is called non-singular.

Lemma 5.14 Let L C A} be an affine line through the point P on V. Then
P is a multiple root of f|, iff L C TpV.

Proof. The line L has a parametrization
L :=ux; = a; + bt;,

where P = (ay,...,a,) and (b, ...,b,) is a vector in the direction of L. Let
g = flp, e,
g(t) = f(ar + bit, ..., a, + byt).

Since P = (ay,...,a,) € V we have

So g has a multiple root at 0 if an only if

5‘9
50 Zbaxz —0<= LCTpV,

here the last equivalence follows directly from the equation of TpV .

O

Lemma 5.15 A nonzero proper principal ideal (f) € k[X, ..., X,,] is prime
if and only if f is irreducible.

Theorem 5.16 Let V' be an irreducible hyper-surface in A} given by f =0
where [ € k[Xy,...,X,] is an irreducible polynomial. Then the set of non-
singular points of V' is non-empty.

We just treat the case when char(k) = 0. We need this to been able to
use the following simple fact:
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Exercise 5.17 Let f € k[xy, ..., x,]. Suppose that char(k) = 0, and suppose

gf =0 for all 7. Then f is a constant

Proof. We have SingV = V(f, 2L Bar ,%). Note that since f is irre-
ducible, the ideal (f) is prime (Lemma 5 15) and in particular radical, and
so (f) = I(V). Hence, if V' = Sing V/, then for each i € {1,...,n}, 3 8f e I(V)

so by Nullstellensatz we have

of
8:1:1»

€ rad(I(V)).

On the other hand by Proposition 4.8 I(V) is radical, i.e., rad(I(V)) =
I(V) = (f). So for each i € {1,...,n}, there exists g; € K[X3,..., X,,] such
that af = ¢,f. But deg,,g:f > deg%% unless g; = 0. We conclude that

gg = O for all 4, and since chark = 0, f = const (see exercise). This is a

contradiction.

O

5.3 General case.

Definition 5.18 For a polynomial f € k[xy,...,x,] and a point P = (ay, ..., a,),
the linear part of f at P is defined by

Z 31‘1 — i),

Now, we consider an irreducible affine variety V' C Aj}.

Definition 5.19 The tangent space to an irreducible variety V' at a point
P €V is defined by the following intersection of affine hyperplanes:

TpV = ) (f2) =0) C A}
feI(V)

Finally we come to the definition of dimension.

Definition 5.20 For an irreducible affine variety V', we define the dimension
of V' by
dimV = min{dimTpV|P € V}.
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6 Singularities of curves and multiplicity of
intersection

In this final section we look closer into curves and introduce further algebraic
notions in order to formulate the final version of Bézout’s theorem.

We assume that the field is algebraically closed unless the opposite is
specified.

6.1 Multiplicities

In this subsection we define multiplicities of singular points of curves.

Take a polynomial F' € k[z,y], consider the curve F' = 0 in AZ. Take a
point P € F = 0. The multiplicity of curve F' = 0 at point P is defined as
follows:

Definition 6.1 Consider the Taylor decomposition of F' at P = (x¢, yo)
F(xo+x,y0 +y) = Fa(z,y) + ... + Farr(z, y)

where Fy is non zero and Fj; is a homogeneous polynomial of degree ¢ for all
i. Then d is called multiplicity of the curve F = 0 at (o, yo)-

Remark 6.2 Interpretation. For a point P € {F = 0} consider all lines L
in A? that contain the point. The restriction F|; has zero at P of certain
multiplicity. The minimum of such multiplicities is the multiplicity of P.

Example 6.3 1) Let F' € k[z,y] be an irreducible polynomial of degree 3.
Then the cubic F' = 0 can have at most one singular point and the point has
multiplicity 2. Let us prove this.

First, if a cubic F' = 0 has multiplicity > 2, then in its Taylor decomposi-
tion the first term is cubic, i.e., F'(x—xg, y—1yo) is a homogeneous polynomial
of degree 3 in (x — xo,y — yo), hence reducible.

Next, if F© = 0 has at least two singular points of multiplicity 2, then
consider the line L through these two points. The restriction F'|; has two
roots of multiplicity at least 2, hence F'|p = 0 and so F' is reducible.

2) More complicated example. If F' is irreducible of degree 4 F' = 0 has
at most 3 singular points.
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6.2 Local ring

Now we introduce an important notion, the local ring Op of a point P € A%..

Definition 6.4 Let k(x,y) be the fraction field of the ring k[z,y]. Define
by Op the subring of k(x,y) consisting of elements that can be expressed as
fractions £ with G(P) # 0.

For an element ¢ = £ € Op we define ¢(P) = %.

Let us list the basic properties the local ring Op.

1) Op is a subring of k(z,y), and the map ¢ — ¢(P) is a homomorphism
of Op onto k which is the identity on k € Op.

Let Mp = {¢ € Op : ¢(P) = 0} be the kernel of the homomorphism.
Then

2) Op =k+ Mp, and OP/MP > k.

3) An element ¢ € Op has a multiplicative inverse in Op if and only if
o ¢ Mp.

4) Every ideal of Op other than Op itself, is contained in Mp, and so Mp
us the unique maximal ideal of Op.

This brings us to the definition:

Definition 6.5 A ring having a unique maximal ideal is called a local ring.

6.3 Multiplicity of intersection

Finally we come to Bézout’s theorem. So, let F' and G be two polynomials in
k[z,y] without common factors. The weak form of Bézout’s theorem stated

#F =0NG=0)<deg(F)-deg(G).
In our proof of weak form of Bézout relied on the following inequality:
#F =0NG=0) <dim(klz,y]/(F,G)).

Our goal now will be to replace the left hand side of this inequality by a
“correct” expression.

Definition 6.6 Denote by (F,G)p the ideal generated by F' and G in Op.
Then the intersection index is defined as the dimension of the vector space

Op/(F,G)p.
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For two curves C) := {F = 0}, Cy := {G = 0} we use the notation for
intersection index I(C; N Csy, P).
Now we can formulate half of Bézout.

Theorem 6.7 Let f; and fy be two polynomials without common factors in
klx,y]. Let Cy be the curve f; =0, Cy be the curve fo = 0. Then

Y. H(CiNGCy, P) = dim(k[z,y]/(fr, f2)).

PeCiNCs

The proof of this theorem will be composed of several lemmas.

Lemma 6.8
dlm(OP/(fla fQ)P) < dlm(‘R/(fb f2))7
in particular the intersection multiplicity I(Cy N Cq, P) is finite.

Proof. Note first, that any finite set of elements in Op can be written
over a common denominator.

Let %, ..., 9 be elements of Op, linearly independent modulo (f1, f2)p.
Then the elements g, ..., g, are linearly independent modulo (f1, f2). Indeed
any combination of g; that belongs to (f1, fo) produces the combination of
% that belongs to (f1, f2)p-

O

Corollary 6.9 Op = k[z,y| + (f1, f2)p-

Proof. Indeed, we can find a finite set of elements 2 that span Op modulo
(f1, f2)p. At the same time % € Op. So g; span Op modulo (f1, f2)p as well.
O

Proposition 6.10 Suppose that P € C1NCy. Letr satisfy r > dim(Op/(f1, f2)p)-
Then M}; C (fl, fg)p.

Proof. We need to prove that for any collection of r elements %4, ..., ¢, in
Mp their product is in (f1, f2)p-
Define the sequence of ideals J; in Op:

Ji=t..t,0p+ (f1, fo)p for 1 <i<r, Jo=(f,f2)p.

Then
M>JhD..DJ.DJe1=(f1, fo)p-
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Since r > dim(Mp/(f1, f2)p), it follows that J; = J; 41 for some i.
If i = r then ¢;...t, € J,41 = (f1, f) p and we are done. If ¢ < r then

bty t; = tita.. b1+ with ¢ € Op, and @ € (f1, fo)p,
tltgtz(l — ti+1¢) = ¢ S (fla fQ)P

ity = (1 — tig19) tiv1. b € (f1, f2)p.
O

Lemma 6.11 Let P € C1'NCs, and let ¢ € Op. Then the exists a polynomial
g € klx,y] such that

g = ¢ mod (f1, f2)p,
g = 0 mod (f17f2)Q‘ Q 7é P.

Proof. By the weak version of Bézout’s theorem we know that the number
of points in C; N C5 is finite. By a simple lemma proven in the beginning of
the course, there is a polynomial h(z,y) such that h(P) =1 and h(Q) =0
forall Q € C1NCy, Q # P. Le. h™t € Op, h € Mg for other points Q.
Hence there exists > 0 such that h™" € Op, h" € (f1, f2)o-

Now, since Op = k[z,y] + (f1, f2)p, there is a polynomial f such that
f=o¢h " (mod (fi, f2)p). Then g = fh" solves the problem.

O
Corollary 6.12 The map
Op
w:klx,yl = 11 —_
[, y] PeCiNCs (Fo fo)r
given by f — (..., f mod (f1, fo)p,...), P € C1 N Cy is surjective.
Proof. Follows immediately from the last proposition.
O

Consider now the kernel of homomorphism 7. Clearly (fi, f2) C ker(n).
So to finish the proof of Theorem 6.7 it suffices to prove the following:

Proposition 6.13 ker(m) = (f1, fo).
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Proof. Let f € ker(m). To show that f € (f1, f2) we consider the set:

Ir={geklz,yl:9f € (fi.fo)}

It is clear that I; is an ideal, and we just need to prove that 1 belongs to
Iy, ie. Iy = k[z,y]. To prove this we will show that V' (I;) is empty. Then
applying Nullstellensatz we get the statement.

V(I;) = 0. Since (fi, f2) C Iy, we have V(If) C C; N Cy. Chose now
P e 1N, Since f € ker(m), we have f € (f1, fo)p, f = (fig1 + f292)/9
with g(P) # 0. And we deduce fg € (f1, f2). So g € Iy and P ¢ V().

O

Proof of Theorem 6.7. It follows from the proposition, that we have
the isomorphism of the following two vector spaces. Hence their dimensions
coincide

Op

Moo/ (o f2) = pccinon g

Here is an immediate corollary of the theorem:

Corollary 6.14 Suppose that curves C7 = 0 and Cy = 0 intersect at ex-
actly one point P. Then the intersection index of I(Cy N Cy, P) equals

dim(k[z,y]/(f1, f2)).

Example 6.15 Consider two curves z2 —y® = 0 and 22 +¢* = 0 in AZ. Let
us calculate the index of their intersection at (0, 0).

Note first that these curves intersect only at (0,0). So we can use the
corollary. Next, clearly (z? — 3, 2% + y3) = (22,4®). Now the base of the
quotient space k[, y]/(2?, y?) is given by monomials z'y/, i = 0,1, j = 0, 1, 2.
I.e., I(Cl N CQ, 0) = 0.

Exercise 6.16 Suppose that F' and G are two polynomials without common
factors and F(P) = G(P) = 0. Prove that for any polynomial H, I((F =
0O)N(G=0),P)=I1I(F=0nN(G+HF =0),P).

Here is the almost final version of Bézout’s theorem for this course. Let F'
and G be polynomials without common factors. Suppose the corresponding
curves C; and Cy don’t intersect at the infinity of A2. Then degF - degG =

> pecine, 1(C1 N Cy, P).
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6.4 What should you definitely know?

Everything are supposed to know is contained in these notes, and in exercises
with solutions. Especially you should know the following:

1) Projective space. Points at infinity. Desargue’s theorem and its proof.

2) Bézout’s theorem in the weak form (understand but don’t need to
know the proof). Understand solution to exercise 11 from first assessment.

3) Affine varieties, irreducible affine varieties (why C” is irreducible?).

4) Been able to find singular points of affine varieties (there are several
problems of this type in the second assessment).

5) Been able to solve problem 14 from the second assessment.

6) Know Hilbert basis theorem and Hilbert theorem on finite generation
the ring of invariants. Understand the proof of Hilbert theorem on finite gen-
eration of the ring of invariants. Know what Nullstelenszats says and know
its corollaries. Been able to solve problem 11 from the second assessment.

7) Know what is a morphism of affine varieties.

8) Know what are multiplicities of curves, and what is intersection index
of curves in AZ. Been able to calculate this index in simple cases. Understand
Corollary 6.14, and been able to solve exercise 5 from third exercise sheet.

In general. The more you know the better.
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