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1. A Let A be a subset of a metric space (X, ρ). State precisely what it means to

say that

(i) x is a limit point of A;

(ii) A is closed;

(iii) A is the closure of A.

[4 marks]

B Give an example of two sets A, B ⊂ `2 such that neither A nor B is closed

yet A ∪B is closed in `2. Proof is not required.

[6 marks]

C Let A ⊂ CL2[0, 1] be the set

A = {f | f(x) = 0 ∀x ∈ (0, 1/2) and |f(x)| ≤ 2 ∀x ∈ [0, 1]}.

Determine the diameter of A in CL2[0, 1] and prove your claim.

[6 marks]

D Prove that a set A in a metric space (X, ρ) is closed if and only if its com-

plement Ac is open.

[9 marks]

See Next Page
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2.

A (i) State precisely what it means to say that a set is countable.

(ii) State precisely what it means to say that a subset A of a metric space

(X, ρ) is dense.

(iii) State precisely what it means to say that a normed linear space is

separable.

[4 marks]

B Give an example of an uncountable set. Proof is not required.

[5 marks]

C Describe explicitly a dense countable set A ⊂ `1. Prove that your set is

indeed dense and countable. You may assume without proof that (i) the set

of all rational numbers is countable; (ii) a countable union of countable sets

is countable; (iii) a Cartesian product of two countable sets is countable.

[7 marks]

D Prove that `∞ is not separable. You may use without proof the fact that

for any non-empty set A, there is no bijection between A and the set of all

subsets of A.

Hint: Construct an uncountable set X ⊂ `∞ such that the balls B1/2(x) and

B1/2(y) are disjoint for distinct x, y ∈ X.

[9 marks]

See Next Page
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3. A (i) State the axioms of a norm in a linear space.

(ii) For 1 ≤ p ≤ ∞, state precisely what it means to say that the sequence

x = (x1, x2, . . . ) belongs to `p.

(iii) For 1 ≤ p ≤ ∞, write down the definition of the norm ‖x‖p of an element

x ∈ `p.

[4 marks]

B Give an example of a sequence {x(n)}∞n=1 of elements of `1 such that

‖x(n)‖2 → 0 yet ‖x(n)‖1 6→ 0 as n →∞. Proof is not required.

[6 marks]

C For any α > 0, let x(α) be the sequence x(α) = (x
(α)
1 , x

(α)
2 , . . . ), where x

(α)
n =

n−α(1 + log n)−2. For each p, 1 ≤ p ≤ ∞, determine the set

Ap = {α > 0 | x(α) ∈ `p}

explicitly in terms of p and prove your claim.

[6 marks]

D Prove that the space `1 is complete.

Hint: Assume that x(k) ∈ `1 is Cauchy. Prove that for any i ∈ N, the

sequence {x(k)
i }∞k=1 is Cauchy. Use the completeness of C to define xi =

limk→∞ x
(k)
i . Now prove that x = (x1, x2, . . . ) ∈ `1 and x(k) → x in `1.

[9 marks]

See Next Page
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4. A (i) For an index 1 ≤ p < ∞ and a compact interval [a, b] ⊂ R, state precisely

what it means to say that f ∈ CLp[a, b].

(ii) Define the space Lp(a, b), 1 ≤ p < ∞.

(iii) State the Hölder inequality for functions f, g ∈ C[a, b].

[4 marks]

B Give an example of a sequence fn ∈ CL2[0, 1] such that ‖fn‖1 → 0 yet

‖fn‖2 6→ 0 as n →∞. Here ‖f‖p is the norm of f in CLp[0, 1]. Proof is not

required.

[6 marks]

C For each of the following sequences, decide whether it is convergent in the

given space and if is, determine the limit. Complete proof is not required

but you should explain your reasoning.

(i) fn(x) = xn in C[0, 1]

(ii) fn(x) = xn in C[0, 1
2
]

(iii) fn(x) = xn in CL1[0, 1]

(iv) fn(x) = ne−n2x2
in CL2[−1, 1]

[6 marks]

D Prove that the space CL1[−1, 1] is not complete.

Hint: Construct a sequence {fn}∞n=1 ⊂ CL1[−1, 1] which converges to a dis-

continuous function in the L1 norm. Conclude that {fn}∞n=1 cannot converge

in CL1 to an element of this space.

[9 marks]

See Next Page
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5. A Let K be a subset of a metric space (X, ρ). State precisely what it means

to say that

(i) K is compact;

(ii) K is sequentially compact;

(iii) K is totally bounded.

[4 marks]

B Give an example of a closed bounded set A ⊂ `1 and of a sequence of elements

{x(n)}∞n=1 ⊂ A such that this sequence has no convergent subsequences.

Proof is not required.

[6 marks]

C In `∞, let K be the following set:

K = {x | |xj| ≤ sj, j = 1, 2, . . . },

where sj is a sequence of non-negative numbers such that sj → 0 as j →∞.

Prove that K is closed and totally bounded.

Hint: In order to prove total boundedness, fix ε > 0 and consider the map

fn : `∞ → `∞

fn : (x1, x2, . . . , xn, . . . ) 7→ (x1, x2, . . . , xn, 0, 0, . . . ).

Choose n sufficiently large (depending on ε). Prove that fn(K) is totally

bounded. Conclude that K is totally bounded.

[6 marks]

D Let (X, ρ) be a compact metric space and let f : X → C be a continuous

function. Prove that f is uniformly continuous.

[9 marks]
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6. A Let (X, ‖·‖X) be a Banach space. State precisely what it means to say that

(i) λ is a bounded linear functional on X;

(ii) ‖λ‖X∗ is the norm of λ in X∗;

(iii) X is reflexive.

[4 marks]

B Give an example of a bounded linear functional λ on C[0, 1] such that there is

no non-zero element f ∈ C[0, 1] with the property |λ(f)| = ‖λ‖(C[0,1])∗‖f‖C[0,1].

Proof is not required.

[6 marks]

C Let λ be a linear functional on CL3[0, 5] defined by

λ(f) =

∫ 5

0

f(x)dx.

Determine the norm of λ and prove your claim. You are allowed to use

Hölder inequality but no other theorems from the course.

[6 marks]

D Prove that any bounded linear functional λ on `1 has the form

λ(x) =
∞∑

n=1

xnyn, x = (x1, x2, . . . ) ∈ `1,

with some y = (y1, y2, . . . ) ∈ `∞.

Hint: Let en = (0, . . . , 0, 1︸ ︷︷ ︸
n

, 0, . . . ) ∈ `1. Set yn = λ(en). Prove that y ∈ `∞

and that λ is given by the above formula.

[9 marks]
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