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9. 7CCMMS05 (CMMSO05)

Let A be a subset of a metric space (X, p). State precisely what it means to
say that

(i) = is an interior point of A;
(ii) int(A) is the interior of A;

(iii) A is open.

[4 marks]

Give an example of two sets Ay, Ay € C[0, 1] such that neither A; nor A, is
open yet A; U Ay is open in C|0, 1]. Proof is not required.

[6 marks]

Consider the set A C C|0, 1] defined by
A={f|f(0)= f(1)=0and |f(z)] <1 for all z € [0,1]}.

Determine the diameter of A in C[0, 1] and prove your claim.

[6 marks]

Let S C C|0,1] be the set which consists of all functions f € C]0,1] with
the following property. For each f € S there exists n € N (n may depend

on f) such that for all x € [0,27"] one has |f(x)| < 2". Prove that S is open
in C[0,1].

[9 marks]

See Next Page
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A Let (X, p) be a metric space. State precisely what it means to say that
(i) {x,}22, is a Cauchy sequence in (X, p);

(ii) (X, p) is complete;

(iii) a metric space (Y, d) is a completion of (X, p).

[4 marks]

B Give an example of a metric p on R such that the metric space (R, p) is
incomplete. Proof is not required.

[6 marks]
C Consider the sequence of functions f, : [0,1] — R, n € N, given by
n, ifz €0, %],
fn(x) = . 1
0, ifzxe(;,1].

Determine whether {f,,}>°, is a Cauchy sequence with respect to the norm
Il given by 1

I = [ 1@
Prove your claim.

[6 marks]

D Prove that the linear space C0,1] equipped with the norm |-||; as in part
C of this question is incomplete.

[9 marks|

See Next Page
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A Let K be a subset of a metric space (X, p). State precisely what it means

to say that

(i) K is compact;

(ii) K is sequentially compact;

(iii) K is totally bounded.

[4 marks]|

Give an example of a closed bounded set A C C0,1] and of a sequence

of elements f, € A, n € N, such that this sequence has no convergent
subsequences in C0, 1]. Proof is not required.

[6 marks]

Let R7, be the linear space R" equipped with the norm

|]| 0 = max{|x1], ..., |Tal}

Let B;[0] be the unit ball in RZ. Prove that B;[0] is totally bounded.
Proceed as follows: for a given € > 0 construct explicitly a finite set S C R"
such that By[0] C UyesB:(x).

[6 marks]

Prove that any norm ||-|| on R™ is equivalent to the standard Euclidean norm
||I|l2. You may use without proof the following facts:

(i) Any closed bounded set in (R™, ||-||2) is compact;

(ii) Any continuous function on a compact set attains its maximum and its
minimum.

[9 marks]

See Next Page
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4. A Let (X,|]|lx) be a Banach space and B(X) be the set of all bounded linear
operators from X to X. State precisely what it means to say that

(i) a sequence of linear operators 7,, € B(X) converges to an operator 1" €
B(X) in the operator norm;

(ii) a sequence of linear operators 7, € B(X) converges to an operator
T € B(X) strongly.

[4 marks|
B Give an example of a sequence of bounded operators 7), in ¢? such that as

n — 00, the sequence T,, converges strongly but not in the operator norm.
Proof is not required.

[6 marks]

C Let the linear operator T,, : C|[0, 1] — C10,1], n € N, be defined by

1/n
(Tof)(x) =n / e f(y)dy.

Find the strong limit of the sequence T}, as n — oo and prove your claim.

[6 marks]

D Let X = R? with the usual Euclidean norm. Prove that if a sequence of
operators T,, € B(X) converges strongly to an operator T € B(X), then it
also converges to 71" in the operator norm.

[9 marks]

See Next Page
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A Let (X,||-][x) be a normed linear space. State precisely what it means to

say that

(i) A is a bounded linear functional on X;
(i) A
(iii) X is reflexive.

[4 marks]|

i x+ is the norm of A in X*;

Give an example of a Banach space (X, ||-||x) and of a bounded linear func-

tional A € X* such that there is no non-zero element x € X with the property
[A(z)] = [IAl

[6 marks]

x+||z||x. Proof is not required.

Let C'L?*(0,1) be the linear space C[0, 1] equipped with the norm

i1 = ([ tras) "

Let A be a linear functional on C'L?(0, 1) defined by

Prove that ) is a bounded functional on C'L?(0,1). Determine the norm of

A and prove your claim.

[6 marks]

Prove that any bounded linear functional A on ¢! has the form
)\<x>:Z$n’yn’ xz(x17x27___)€£1’
n=1

with some y = (y1,¥s2,...) € £,
[9 marks]

See Next Page
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A Let (X, ]|-][x) be a normed linear space and 7" : X — X be a linear map.
State precisely what it means to say that

(i) T is a bounded;
(ii) 7" is continuous;
(iii) ||7°|| is the norm of 7.
[4 marks]
B Give an example of a bounded linear operator 7" : {*° — (* such that

|T1|| < |IT|]. Here 1 is the element of £ given by 1 = (1,1,1,...). Proof
is not required.

[6 marks]

C Let the linear operator 7' : C[0,a] — C]0,a] be defined by (Tf)(x) =
Jy f(@)dt. Prove that T is bounded and determine the norm of 7.
[6 marks]

D Prove that a linear operator on a normed linear space X is bounded if and
only if it is continuous.

[9 marks|
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